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ADVERTISEMENT, 

The first principles, as well as the more difficult parts of 
Mathematics, have, it is thought, been more fully and clearly ex- 
plained by the French elementary writers, than by the English ; 
and among these, Lacroix has held a very distinguished place. 
His treatises have been considered as the most complete, and the 
best suited to those who are destined for a public education. They 
have received the sanction of the government, and have been adopt- 
ed in the principal schools, of France. The following translation is 
from the thirteenth Paris edition. The original being written with 
reference to the new system of weights and measures, in which 
the different denominations proceed in a decimal ratio, it was 
found necessary to make considerable alterations and additions, to 
adapt it to the measures in use in the United States. The several 
articles relating to the reduction, addition, subtraction, multiplica- 
tion, and division of compound numbers, have been written anew ; 
a change has been made in many of Jhp, e^samples^^uidM^uestions, 
and new ones have been introduce^ aftey:1ti^st bf'theVafe^ as an 
exercise for the learner. • • • : -•"'•[ \-^' 

Jt«T!<^ FJlllRAR, 

Proiesscr of 'raitien^c^ ^dfi^ataral Philow- 
;pb^ ib'Uid Vnjnrw^^^t Camluidge. 
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ARITHMETIC. 



NUMERATION. 

1. A coMPABisoN of the different objeclSy that come within the 
reach of our senses^ soon leads us to perccive» that^ in all these 
objects, there is an attribute^ or quality, bj which they can be 
.8U|4K>sed susceptible of increase or diminution ; tliis attribute is 
magviiude. It generally appears in two different forms. Some- 
times as a collection of several similar things, or separate parts, 
and is then designated by the word mtmber. 

Sometimes it presents itself as a whole, without distinction of 
parts ; it is thus, that we consider the distance between two 
points, or the length of a livte extending from one to the other, 
as also the outlines and surfaces of bodies,, which determine 
their figure and extenU and finally this extent itself. 

The proper characteristic of this last "kind of magnitude is 
.the connexion or union of the parts, or their continuity ; whilst 
in number we consider how many parts there are ; a circum- 
stance to which the word qaantity at first had relation, though 
afterwards it was applied to magnitude in general, magnitude con«> 
.sidered as a whole being called ccmXinued quantity 9 to distinguish 
it from number, which is called discretCf or discontinued qiiantity. 

S» All that relates to magnitude is the object of mathematics ; 
numbers, in particular, are the object of arithmetic. 

Continued magnitude belongs to geometry^ which treats of the 
properties presented by the forms of bodies, considered with 
regard to their extent. 

3. Number, being a collection of many simUar things, or many 

Jn/A. 1 



2 JJrithmetic. 

distinct parts* supposes the existence of one of these thingSt or 
parts* taken as a term of comparison* and this is called tmity. 

The most natural mode of forming numbers is* to begin with 
joining one unity to another* then* to this sum another ; and 
continuing in this manner* we obtain collections of units* which 
are expressed by particular names ; the whole of these names^ 
which varies in different languages* composes the spoken numera- 
tion* 

4. As there are no limits to the estention of numbers* since 
however great a number may be* it is alwa^^s possible to add an 
unit to it* we may easily conceive that there is an infinity of 
different numbers* and* consequently* that it would be impossible 
to express them in any language whatever* by names* that should 
be independent of each other. 

Hence have arisen nomenclatures, in which the object has 
been* by the combinations of a small number of words, subject 
to regular forms* and therefore easily remembered^ to give a 
great number of distinct expressions. 

Those* which are in use in the [English language*] with few 
exceptions* are derived from the names assigned to the nine fili*8t 
numbers and those afterwards given to the collections of ten, a 
hundred, and a thousand unit's. 

The units are expressed by 

one, twOf three, fourt Jive, six, seven, eight, nine. 

The collections of ten units* or tens, by 

ten, twenty, thirty, forty, ffiy, sixty 9 seventy, eighty , ninety. 

The collections of ten tens* or hundreds, are expressed by 
names borrowed from the units ; thus we say* 

hundred, two hundred, tliree hundred, . . . . nine hundred. 

The collections of ten hundreds^ or thousands, receive their 
denominations from the nine first numbers and from the collec- 
tions of tens and hundreds ^ thus we say 

ilumsandf Iwo thousand nine thousand, 

ten thonsand, twenty thousands Sfc. 
hundred thousand, two hundred thousand, Sfc. 

The collections of ten hundred thousands, or of thousands 
of thousands, take the name of millions, and are distinguished^ 
like the collections of thousands. 



JV^emeralJoiu 3 

Tke odlections of ten hundreds of millionsy or of thousands of 
millions, are called biUionSf and are-distinguished, like the colko 
tions of iiiillion8»f 

t The idea of nurnber is the latest and most difficult to form. Be« 
fore Urn mind can arrive at such an abstract conception, it most be 
familiar with that process of classification, bj which we successive! j 
remount from individuals to species, from species to genera, and from • 
genera to orders. The savage is lost in his attempts at numeration, 
i^d significantly expresses his inability to proceed by holding up his 
expanded fingers, or pointing to the luiirs of his head. 

Nature has furnished the great and universal standard for compu- 
tation in the fingers of the hand. All nations have accordingly 
reckoned by fives ; and some barbarous tribes have scarcely advanc- 
ed any further. After the fingers of one hand had been counted once 
it was a second and perhaps a distant step to proceed to those of the 
other. The primitive words, expressing numbers, did not probably 
exceed five. To denote six^ seven, eighty anA nine^ the North Amer- 
ican Indians repeat the five with the successive addition of one, two, 
three, and four $ eould we saleiy trace the descent and affinity of the 
abbreviated terms denoting the. numbers from five to ten, it seems 
highly probable, that we should discover a similar process to have 
taken place in the formation of the most refined languages. 

The ten digits of both hands being reckoned up, it then became 
necessspy to repeat the operation. Such is the foundation of our deci- 
mal sc^le of arithmetic. Language still betrays by Its structure the 
originfil mode of proceeding. To express the numbers beyond ten, 
the tiaplanders combine an ordinal with a cardinal digit. Thus, 
eleven, twelve, &c. they denominate second ten and one, second ten 
and two, &c. and in like manner they call twenty one, twenty two. 
Sec. third ten and one, third ten and two, &c. Our term eleven is 
supposed to be derived from ein or one, and libeHf to remainj and' 
to signify one^ leave or set aside ten. Twelve is of the tike de- 
rivation, and means two^ laying aside the ten. The same idea is sug- 
gested by our termination ty in the words ttoenty^ thirty j &c. This 
syllable, altogether distinct from ten, is derived from ziehen^ to draw, 
and the meaning of twenty is, strickly speaking, ttvo drawings^ that 
is, the hands have been twice closed and the fingers counted over. 

After ten was firmly established, as the standard of numeration, it 
seemed the most easy and consistent to proceed by the same repeated 



4. Jinihmetie. - 

Each of the named just mentioned is considered as forming a 
unit of an order more elevated according as it is removed from 
simple unit The names ten and hundred are continaaliy re-^. 
peated, and we have no occasion for new names^ such as thausandf 
miUionf bUUonf except at every fourth order. The same law be- 
ing observed* to bilUons succeed triUions^ quadrillions^ quintHlions, 
&c. eachy like billions, having its tens and hundreds. 

Numbers expressed in this manner, when more than one word 
enters into the enunciation of thenif are separated into their 
respective orders of units, mentioned above ; for instance, the 
number expressed by Jive hundred thousand three hundred and twOf 
is separated info three parts, viz.Jive hundreds of thousands, three 
hundreds of simple units, and two of these units* 

6. The length of the expression, written in words, when the 
numbers were largc^ occasioned the invention of characters, ex- 
clusively adapted to a shorter representation^ and hence origi- 
nated the art of expressing numbers in writing by these charac. 
ters, cMeAJigureSf or written numeration* 

The laws of the written numeration, now. used, are very anal- 
ogous to those of the spoken numeration. In it the nine first 
numbers are each represented by a particular character, viz. 

1 2 » 4 5 6 7 8 9- 

one, two, three, four,- five, six, sev^n, eight, nine. 
When a number consists of tens and units, the characters repre- 
senting the number of each are written in order from left ta 
right, beginning with the tens. The number forty-seven, for 
instance, is written 47 ; the first figure on the left, 4, denotes the 
four tens, and consequently a value ten tiroes greater than it 
would have standing alone ; while tlie figure 7, placed on the 
right, expressing seven units, possesses only its original value. 

» ' ■■ < < < m . - I ■' .... — t 

composition. Both hands being closed ten times would carry the 
reckonjna; up to a hundred. This word, originally hund^ is of uncer- 
tain derivation ; but the term thousandj which occurs at the next stage 
of the progress, or the hundred added ten times, is clearly traced out, 
being only a contraction of duis hund, or twice hundred^ that is, the 
repetition^ or collection of hundreds. Bee Edinburgh Review, vol. 
xviii, art. vjx. 



In tbe number thirty •three^ which i9 wri^ien 33, we il^ the 
fi^re 3 repeated, but eitch time with a different value ; the value 
of the 3 en the left is ten times greater than the value of that on. 
the right* V 

This is the fundamental law of our written numeration, that 
a r&mroal^ of one place, towards the lefl increases the value of a 
figure ten times* 

If it were required to express &tty, or five tens, as there are 
no units in this number, there would be nothing to write but the 
figure 5, and consequently it would be necessary to show, by 
some particular mark^ that in the expression of this number, the 
figure ought to occupy the first place on the left. To do this we 
place on the right the character 0, dpher or nought, which of 
itself has no value, and serves only to fill the place of the units, 
which are wanting in the enunciation of the proposed num* 
ber. 

6. Thus with ten characters, by means of the rule before laid 
down concerning the value which figures assume, according to 
the places they occupy, we can express all possible numbers. 

With two figures only, we can write all, as far as to nine tens 
and nine units, making 99, or ninety nine. After this comes the 
hundred, which is expressed by the figure 1, put one place far- 
ther towards the left, than it would be, if used to express tens 
only ; and to denote this place, two ciphers are placed on the 
right, making 100. * 

The units and tens, afterwards added to form numbers greater 
than 100, take their proper places ; thus a hundred and one will 
be written in figures 101 ; a hundred and eleven. 111. Here the 
same figure is three times repeated, and with a different value 
each time ; in the first place on the right it expresses an unit, 
in the second, a ten, in the third, a hundred. It is the same 
with the number 22S, 333, 444, &c. Thus, in consequence of 
the rule laid down before when speaking of units and tens, the 
same figure expresses units fen times greater, in proportion as it is 
removed from right to left, and by a simple cJiange of place, acquires 
the power of representing, successively, all the different collections of 
units, ivhich can enter into the expression of a nnmher. 



7. A nttmber dictated, or enaneiated, is written then, hj plac- 
ing one after tke other, beginning at the left, the figures w*hich 
express the namber of units of each collection ; hot it is neces- 
sary to keep in mind the order in which the collections succeed 
each other, that no one may be omitted, and to put ciphers in the 
room of those, which are wanting in the enunciation of the num- 
ber to be written* If, for example, the number were three Ana- - 
dred and twenty-four tkomandf nine hundred and fiur^ we should 
put 3 for the hundreds of thousands, S for the twenty thousand, 
or the two tens of thousands, 4 for the thousands* 9 for the hna- 
dreds ; and as the tens come immediately after the hundreds, 
and are wanting in the given number, we should put a cipher in 
the room of them, and then write the figure 4 for the units ; we 
should thus have 324904. 

In the same way, writing ciphers in the place of tens of thou- 
sands, thousands and tens, which are wanting in the number five 
hundred thousand three hundred and two, we should have50030S. 

8. When a number is i^Titten in figures, in enunciating it, or 
expressing it in language, it is necessary to substitute for each 
of the figures the word which it represents, and then to mention 
the collection of units, to which it belongs according to the place 
it occupies. The following example will illustrate this ; 

2 4, 8 9 7, 3 2 1, 5 8 0, 3 4 6, 
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The figures of this number are divided by commas, into portions 
of three figures each, beginning at the right ; but the last divis- 
ion on the left, which in the present instance has but two figures, 
may sometimes have but one. Each of these divisions corres- 
ponds to the collections designated by the words unit, ihoiisand, 



mtWom killimh MUum, and thdir 4$ures eKprew suGceiaivdjr 
the units, tenSf (md bundreds of eacb. Qmi^tuaUlyf the expressiim 
of the whoie mtmber given is made in werdsthf readUig each dtvw- 
ion of figures as if it stood aUmef and addvagf after its units, the 
name rf their placs. 

The abave example is read* twentiffowr triUianSf eight hundred 
and ninetff seven biUhms, three hundred and twenty one miliums, 
five hundred and eighty thousandf three hundred and forty six uniis^ 

9. Numbers admit of i^eing considered in two waj^s ; one ia, 
when no particular denomination is mentionedy to which their 
niiita beiongy «nd they are then called abstraU numbers ; the 
other when the denomination of their units is specified^ as when 
we say, two mei^ five years* three hours* &c. these are called 
concrete numbers. 

It is evidentf that the formation of nombersy by the successive 
union of units* is independent of the nature of these units* and 
that this must also be the rase with the properties resulting frofln. 
this. formation ; by which properties we are enabled to compound 
and decompound numbers* which is called calculation. We shall 
now explain the principal rules for tlie calculation of numbers^ 
without regard to the nature of their units. 



ADDITION. 

10. This operation* which has for its object the uniting of 
several numbers in one* is only an abbreviation of the formation 
of numbers by the successive union of units. K* for instance, it 
were required to add five to seven, it would be necessary, in the 
series of the names of numbers* one^ two. threCf fouTf fivCf six, 
seven, &c. to ascend five places above seven, and we should then 
come to the word twelve, which is consequently the amount of 
seven units added to five. It is upon this process that the ad- 
dition of all small numbers depends, the results of which are 
comniitted to memory ; its immediate application to larger num- 
bers would be impossible^ but in this case, we suppose these 
numbers divided into the difitTent collections of units contained 
in them, and we may add together those of the same name. For 
instance* to add 27 to SS* we add the 7 units o^ the first number 



tothe£of theMCond^makingQ; thenthe Stalls of tlie lint with 
the 3 of the second, making 5 tens. The two results, taken to- 
gether, form a total of 5 tens and 9 anitSyor 59, which is the sum 
of the numbers proposed. 

What is here said applies to all numbers, bowerer large, that 
are to be added together ; but it is necessary to observe, thait the 
partial sums, resulting from the addition of two numbers, each 
expressed by a single figure, often contain tens, or units of the 
next higher collection, and these ought consequoitly to be joined 
to their proper collection* 

In the addition of the numbers 49 and 78, the sum of the units 9 
and B is 17, of which we should reserve 10, or ten, to be added to 
the sum of the tens in the given numbers ; next we say that 4 
and 7 make 11, and joining to this the ten we reserved, we have 
12 for the number of tens contained in the sum of the given 
numbers ; which sum, therefore, contains 1 hundred, S tens and 
T units, that is, 127. 

lU ^y proceeding on these principles, a method has been de- 
viseil of placing numbers, that are to be added, which facilitates 
the uniting of their collections of units, and a rule has been form* 
ed, which thp following example will illustrate. 

Let the numbers be 5279 2^19, 9812, 73 and 8 ; in order to 
add them together, we begin by writing them under each other, 
placing the units of the same order in the same column ; then 
we draw a line to separate them from the result, which is to be 
written underneath it. 

2519 

9812 

7S 

8 



Sum 12939 
We at first find the sum of the numbers contained in the column 
of units to be 29, we write down only the nine uiiits, and reserve 
the 2 tens, to be joined to those which are contained in the next col- 
umn, which, thus increased, contains 13 units of its own order; 
we write down here only the three units, and carry the ten to 
the next column* Proce^Ung with this column as with the 



y 



others^ we iRnd its sum to be 19 ; we write down tbe 9 units and 
carry the ten to tbe next column, the sum of which we then find 
to be 12 ; we write down the 2 iinits under this column and 
place the ten on the left of it ; that is^ we write down the sum of 
thus coluron» as it is found. 

By this means we obtain 12939 for the sum of the giren num- 
bers. 

12. Tbe rule for performing this operation may be gi?en thus, 

Wnte the numbers to be added under each other, so that all the 
units of the same kind may stand in the same eotumUf and draw a 
line under them* 

Beginning at the right, add up successively the numbers in each 
column ; if the sum does wA exceed 9, write it beneath its column, 
as iiisfound ; if it contains one or more tens, carry them to the 
next cdumn $ lastty, under the last column write the whole of its 
fttrnf. 

Examples for practice. 

Add together 8635/2194, 742 1, 5063, 2196 and 1225. 

Ms. 267341 
Add together 84371, 6250, 10, 3842 and 631. Jins. 95104. 
Add together 3004, 523, 8710, 6345 and 784. Ms. 19366. 

Add together 7861, 345, 8023. Jins. 16229. 

Add together 66947, 46742 and 132684. Jins. 24637$. 



SUBTRACTION. 

13. After having learned to compose a number by the addi- 
tion of several others, the first question, that presents itself, is, 
how to take one number from another that is greater, or which 
amounts to the same thing, to separate this last into two parts, one 
of ^ which shall be the given number. If, for instance, we have the 
■ ' ' " .. ■ ■ . 

t The best method of proving addition is hy means of subtraction. 
The learner tnay, however, in general, satisfy himself of the correct- 
ness of his work by beginning at the top of each column and adding 
down, or by separating the upper line of figures and adding up the 
rest and then adding this sum to the upper line. 

Jirith. 2 
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Bumber 99 and we wish to take 4 from it» we sbould, by doing 
this, separate ii into two parts^ which by addition would be the 
same again. 

To take one number from another, when they are not large, 
it is necessary to pursue a course o|)p<isite to that prescribed in 
the beginning of article 10, for finding their sum ; that is, in 
the series of the names of numbers, we ought to begin from the 
greatest of the numbers in question, and descend aa many places 
as there are units in ttie smallest, and we shall come to the name 
given to the difference required. Thus, in descending four 
places below the number nine we come to JivCf which expresses 
the number that must be added to 4 to make 9, or which shows 
how much 9 is greater than 4. 

In this last point of view, 5 is the excess of 9 above 4. If we 
only wished to show the inequality of the numbers 9 and 4, with- 
out fixing our attention on the order of their values, we should 
say that their difference was 5. Lastly^ if we were to go through 
the operation of taking 4 from 9, we should say that the re- 
mainder is 5. Thus we see that, although the words, excess, 
remainder^ and difference^ are synonymous, each answers to a 
particular manner of considering the separation of the number 9 
into the parts 4 and 5, which operation is always designated by 
the name siubtraction. 

14. When the numbers are large, the subtraction is perform- 
ed, part at a time, by taking successively from the units of each 
order in the greatest number, the corresponding units in the 
least. That this may be done conveniently, the numbers are 
placed as 9587 and 345 in the following example ; 

9587 
S45 

Remainder 9242 
<and under each column is placed the excess of the upper number^ 
in that column, over the lower, thus ; 

5, taken from 7, leaves Q, 

4, taken from 8, leaves 4, 

3, taken from 5, leaves 2, 
and writing afterwards the figure 9, from which there is noUr- 



ing to be taken ; the remainderf 9£42^ sbows how much 95B7 10 
greater than 345. • . • 

That the process here pursued gives a true result is indispu- 
table, because In taking from the greatest of the two numbers 
all the parts of the leasts we evidently take from it the whole of 
the least* 

15. The aj^lication of this process requires particular atten- 
tioo^ w^ii some of the orders of units in the upper number are 
greater than the corresponding orders in the lower. 

If, for instance, 397 is to be taken fh>m 524. 

524 
397 



Remainder 127 

In performing this question we cannot at first take the units 
in the lower number from those in the upper ; but the number 
524, here represented by 4 units, 2 tens and 5 hundreds, can be 
expressed in a differlsnt manner by decomposing some of its col- 
lections of units, and uniting a part with the units of a lower 
order. Instead of the 2 tens and 4 units which terminate it, we 
can substitute in our minds 1 ten and 14 units, then taking from 
ihtoe unitd the 7 of the lower number, ^e get the remainder 7. 
By this decomposition, the upper number now has but one ten, 
from * which we cannot take the 9 of the lower number, but from 
tbd I hundred of the upper number we can take 1, to join with 
the ten that is left, and we shall then have 4 hundreds and 11 
tens, taking from these tens thetehs of the lower number, 2 will 
remain. Lastly, taking from the 4 hundreds, that are left in 
the upper number, the three hundreds of the lower, we obtain the 
remainder 1, and thus get 127 as the result of the operation. 

This manner of working consists, as we see, in borrowing, 
from the next higher order, an unit, and joining it according to 
its value to those of the order, on which we are employed, ob- 
serving to count the upper figure of the order from which it was 
borrowed one unit less, when we shall have come to it. 

16. When any orders of units are wanting in the upper num- 
ber, that is, when there are ciphers between its figures, it is 
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necessary to go to the first figure on the left^ to borrow the 10 thit 
is wanted* See an example 

7002 

3495 



Remainder 3507. 

As we cannot take the 5 units of the lower number from the 2 
of the upper^ we borrow 10 units from the 7000, denoted by the 
figure 79 which leaves 6990 ; joining the 10 we borrowed to the 
figure 2f the upfier number is now decompounded into 6990 and 
12; taking from 12 the 5 units of the lower number^ we obtain 
7 for the units of tlie remainder. 

Thi.H first operation has left in the upper number 6990 units 
or 699 tens instead of the 700^ expressed by the three last figures 
on tbe left ; thus the places of the two ciphers are occufned by 
9s9 and the significant figure on the left is diminished by unity. 
Continuing the Kubtrartion in the other columns in the same 
manner» no diflkulty occurs^ and we find the remainder^ as put 
down in the example. 

17. Recapitulating the remarks made in the two preceding 
articles, the rule to be observed in performing subtraction may 
be given thus. Place the less nwmber under the greater, so thai 
their umisof thesameorder ifiajf be in the same coitffitn, and draw 
a line under them ; beginning at the right, take successively each 
figure of the. lower number from the one in the same cobamn rf the 

upper; if this cannot be done, increase the upper figure by ten units, 
counting the next significant figure., in the upper number, less by 
unity9 and ifaphers come between, regard them as 9s. 

18. For greater convenience, when it is necessary to decrease 
the upper figure by unity, we can suflTer it to retain its value, 
and add this unit to the cotTCsponding lower figure, which, thus 
increased, gives, as is wanted, a result one less than would arise 
from the written figures. In the first of the following examples, 
after having taken 6 units from 14, we count the next figure of 
tbe lower number 8^ as 9, and so in the others. 
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Method of prordng Addition and Subtraction. 

19. In performing an operation^ according to a process^ the 
correctness of ^hicb is established upon fixed principles, we may 
nevertheless sometimes commit errors in the partial additions 
and subtractions, the results of which we seek in the memory. 
To prevent any mistake of this kind, we have recourse to a me- 
thod, the reverse of the first operation, by which we ascertain 
whether the results are right $ this is called proving the operation. 

The proof of addition consists in subtracting successively from 
the sum of the numbers added, all the parts of these numberSf 
and if the work has been correctly performed, there will be na 
remainder. We will now show by the example given in article 
lly how to perform all these subtractions at once. 

527 

2519 

9812 
73 

8 



Sum 12939 
1120 



We first add the numbers in the left hand column, w^hich 
here contains thousands, and subtract the sum 11 from 12, 
which b^gina the preceding result, and write underneath the 
difference 1, produced by what was reserved from the column 
of hundreds, in performing the addition. The sum of the 
column of hundreds, taken by itself, amounts to but 1 8 ; if we ^ake 
this from the 9 of the first result, increased by borrowing the one 
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thoosandy considered aa ten hundred, that remains from the 
column preceding it on the left, the remainder 1 , written beneath^ 
will show what was reserved from tlie column of tens* The sum 
of the last 11, taken from IS, leaves for its remainder 2 tens^ 
the number reserved from the column of units. Joining these 
£ tens with the 9 units of the answer, we form the number 29, 
which ought to be exactly the sum of the column of units, as this 
column is not affected by any of the others ; adding again tiie 
numbers in this column, we ought to come to the same result, and 
consequently to have no remainder. This is actually the case^ 
as is denoted by the written under the column. The process, 
just explained, may be given thus ; to prove additionf beginnu^ 
on the left, add again each of the several columns, subtract the sums 
respectivdfjfrom the sums written aborve them and write dofum fUe 
remainders f which mv^t be joined^ each as so many tens to the sum 
of the next column on the right ; if the work be correct there wiU 
be no remainder under the last column^ 

20. The proof of subtraction is, that the remainder, added to 
the least number, exactly gives the greatest. Thus to ascertain 
the exactness of the following subtraction, 

297 
227 

524 
we add the remainder to the smallest number^ and find the suqi, 
in reality, equal to the greatest. 



MULTIPLICATION. 

21. When the numbers to be added are equal to each other, 
additionf takes th^ name of mtUUplicationf because in this case the 
sum is Composed of one of the numbers repeated as many times 
as there are humbers to be added. Reciprocally, if we wish to 
repeat a number several times, we may do it, by adding the num- 
ber to itself as many times, wanting one^ as it is to be repeated. 
For instance, by the foUowing^ addition^ 
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16 

^6 , 
16 
16 

64 
the number 16 is repeated four times^ and added to itself three 
times, 

To repeat a number twice is to doubk it ; 3 times^ to triple it ; 
4 timcs^ to quadruple it» and so on. 

£2, Multiplication implies three numbers^ namely, that, which 
13 to be repeated, and which is called the miUtiplicand $ the num- 
ber which shows how many times it is to be repeated, which is 
called the vmUiplier ; and lastly the result of the operation, 
which is called the product. The midtiplicand and muUiplter, 
considered as concuriing to form the product, are called factors 
of the product. In the example given above, 16 is the multipli- 
cand, 4 the mtdtiplier, and 64 the product ; and we see that 4 and 
16 are the factors of 64, 

£3. When the multiplicand and multiplier are largo numbers, 
the formation of the product, by the repeated addition of tiie 
multiplicand, would be very tedious. In consequence of this, 
means have been sought of abridging it, by separating it into a 
certain number of partial operations, easily performed by mem- 
ory. For instance, the number 16 would be repeated 4 times, 
by taking separately, the same number of times, the six units and 
the ten, that compose it. It is sufficient then to know the pro* 
ducts arising from the multiplication of the units of each order 
in the multiplicand by the multiplier, when the multiplier con- 
sists of a single figure, and this amounts, for all cases that can 
occur, to finding the products of each one of the 9 first numbers 
by every 9ther of thiese numbers. 

24. These products are contained in the following table, attri- 
buted to Pythagoras. 
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TABLE OF FTTHA60RA8. 
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2 
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5 
6 
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2 
4 


3 


4 
8 
12 


5 


6 

12 

18 


7 
14 
21 


8 

16 

24 

32 

40 


9 
18 

27 
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10 
15 
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6 
8 

10 
12 
14 
16 
18 


9 

12 

15 

18 

21 

24 

27 


16 
20 


24 


28 
35 


36 
45 


25 
30 
35 
40 
45 


30 


24 
28 


36 
42 
48 
54 


42 
49 
56 
63 


48 
56 
64 

72 


54 
63 

72 
81 


32 
36 


9 



25. To form this table* the numbers 1, 2^ 3, 4^ 5, 6, 7, 8^ 9^ 
are written first on the same line. Each one oF these numbers 
is then added to itself and the sum written in the second line^ 
which thus contains each number of the first doubled^ or the 
product of each number by 2. Each number of the second line 
is then added to the number over it in the first, and their sums 
are written in the third line, which thus contains the triple of 
each number in the first, or their products by 3. By adding the 
numbers of the third line to those of the first, a fourth is formed, 
containing the quadruple of each number of the first, or their 
products by 4 ; and so on, to the ninth line, which contains the 
products of each number of the first line by 9. 

It may not be amiss to remark, that the different products of 
any number whatever by the numbers 2, 8, 4, 5, &r# are callcil 
multiples of that number ; thus 6, 9, 12, 15, &c. are multiples of 3. 

26. When the formation of this table is well understood, the 
mode of using it may be easily conceived. If, for instance, the 
product of 7 by 5 were required ; looking to the fifth line, which 
contains the different products of the 9 first numbers by 5, we 
should take the one directly under the 7 9 which is 35 } the same 
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method should be pursued in every other instance, and the pro^ 
iuct will always he found in the line of the multiplier and under 
the mulHplicand. 

9,7. If we seek in the table of Pythagoras the product of 5 by 
r* we shall (iud, as before, 35, aithou,^h in this case 5 is the mul- 
tiplicands and 7 the multiplier. This remark is aj^plicable to each 
product in the table, and it is possible^ in any inuUiplicatianf to 
reverse the order of the factors ; that iSf to make tlie multiplicand 
the multiplierf and the multiplier the muUiplicand* 

As the table of Pythagoras contains but a limited number of 
products, it would not be sufficient to verify the above conclu- 
sion by this table ; for a doubt might arise respecting it In the 
case of greater products, the number of which is unlimited; 
there is but one method independent of the particular value of 
the multiplicand and multiplier of showing that there is no ex- 
ception to this remark. This is one well calculated for the pur- 
pose, as it gives a good illustration of the manner, in which the 
product of two numbers is formed. To make it more easily un- 
derstood, we will apply it ftpst to the factors 5 and 3. 

if w<^ write the li.i^ure 1, '5 times on one line, and place two 
similar lines underneath the first, in this manner, 

1, 1, 1, 1, 1, 
• !• 1, 1, If 1, 

h h h If U 
the whole number of Is will consist of as many times 5 as there are 
linos, that is, 3 times 5 ; but, by the disposition of these lines, the 
figures are ranged in columns, containing 3 each. Counting them 
in this manner, we find as many times S units as there are col- 
umns, or 5 times 3 units, and as the prod net does not depend on 
the manner of counting, it follows that 3 times 5 and 5 times 3 
give the same product. It is easy to extend this reasoning to 
any numbers, if we conceive each line to contain as many units 
as there are in the multiplicand, and the number of lines, plac- 
ed one under the other, to be equal to the multiplier In count- 
ing the product by lines, it arises from the multiplicand repeated 
as many times as there are units in the multiplier ; but the as- 
semblage of figures written presents as many columns as there 
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are units in a line, and each column contains as many units as 
there are lines ; if, then, we choose to count by columns, the 
number of lines, or the multiplier, will be repeated ^as many, 
times as there are units in a line, that is, in the multiplicand. We 
may therefore, in finding the product of any two noiubers, take 
either of them at pleasure, for the multiplier. 

S8. The reasoning, just given to prove the truth of the pre« 
ceding proposition, is the demonstration of it, and it may he 
remarked, that the essential distinction of pure mathematics is* 
that no proposition, or process, is admitted* which is not the 
necessary consequence of the primary notions, on which it is 
founded* or the tmth of which is not generally established by 
reasoning independent of particular examples, which can neveir 
constitute a proof, but serve only to facilitate the reader's under* 
standing the reasoning, or the practice of the rules. 

29. Knowing all the products given by the nine first numbers^ 
combined with each other, we can, according to the remark in 
article 23, multiply any number by a number consisting of a 
single figure, by forming successively the product of each order 
of units in the multiplicand, by the multiplier; the work Is as 
follows; •\ 

526 

V 

7 



368^ 

The product of the units of the multiplicand, 6, by the multi- 
plier, 7, being 42, we write down only the 2 units, reserving the 
4 tens to be joined with those, that will be found in the next 
higher place. 

The product of the tens of the multiplicand, 2, by the multi- 
plier, 7, is 14, and adding the 4 tens we reserved, we make it 
18, of which number we write only the units, and reserve the 
ten for the next operation. 

The product of the hundreds of the multiplicand, 5, by the 
multiplier, 7, is 35 ; when increased by the 1 we reserved, it be- 
comes 36, the whole of which is written, because there are no 
more figures in the multiplicand. 

30. This process may be given thus ; To muttiplff a number 



MMpUeaSmu 19 

of sevendfigures by a ni^ Jls^ret place the mulHplier under the 
units of the muttiplicanif and draw a Hne beneath^ to separate theni 
from the product. Beginning at the rights multiply successively t by 
the multiplier^ the units of each order in the muUipUcandf and 
write the whole product of each^ when it does not exceed 9 ; hutf if 
it contains tenSf reserve them to be added to the next product. Con- 
tifmue thus to the last figure of the midtiplicandf on the left, the 
whole result of which must be written down. 

Examples. 243 by 6. Jins, 145B. 8943 by 9. Ms. 80487. 

It is evident that, when the multiplicand is terminated by 0^ 
the operation can commence only with its first significant figure ; 
but to give the product its proper value, it is necessary to puty 
on the right of it^ as many 6s as there are in the multiplicand. 
As for the Os» which may occur between the figures of the mul- 
tiplicandy they give no product, and a must be written down 
when no number has been reserved from the preceding product^ 
as is shown by the following examples : 

956 8200 r012 80970 

6 9 5 4 



5736 73800 35060 323880 

Multiply 

730 by 3. Ans. 2190. 8104 by 4. .Sns. 32416. 

20508 by 5. Jins. 1()JS540, 360500 by 6. Ans. 2163000. 

297000 by 7. Jins. 2079000. 9097030 by 9. Ms, 8 1 873270, 

SI. The most simple number, expressed by several figures, 
being 10, 100, 1000, &c. it seems necessary to inquire how wo 
can multiply any number by one of these. Now if we recollect 
the principle mentioned in article 6, by which the same figure is 
increased in value 10 times, by every remove towards the left, 
we shall soon perceive, that to multiply any number by 10, we 
must make each of its orders' of units ten times greater ; that 
is, we must change its units into tens, its tens into hundreds, and 
80 on, and that this is effected by placing a on the right of the 
number proposed, 'because then all Its significant figures will be 
advanced one place towards the left. 

For the same reason, to multiply any number by 100, we 
•hoidd place two ciphers on the right ; for, since it becomes ten 
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times greater by the first cipher, the second will make it t^ 
times greater stilK and consequently it will be 10 times IO9 ot 
100 timeSf greater than it was at first. 

Continuing this reasoning, it will be perceived thatf accord- 
ing to our system of numeration, a number is multiplied by. 10, 
100, 1000, &c. by writing on the right of the multiplicand as 
many ciphers as there are on the right of the unit in the multi- 
plier. V 

32. When the significant figure of the multiplier differs from 
unity, as, for instance, when it is required to multiply by SO, or 
SOO, or 3000, which are only 10 times 3, or 100 times 3, or lOOO 
times 3, &c. the operation is made to consist of two parts, we at 
first multiply by the significant figure, 3, according to the rule 
in article 30, and then multiply the product by 10, 100, or tOOO, 
&c. (as was stated in the preceding article) by writing one, two, 
three, &c, ciptiers on the right of this product. 

Iiet it be required^ for instance, to multiply 764 by 300, 

764 
300 



229200 

The four significant fip^urcs of this product result from the 
multiplication of 764 by 3, and are placed two places towards 
the left to admit the two ciphers, whirh terminate the multiplier. 

In general, when the multiplier is terminated by a number of 
mpherSf first multiply the multiplicand by the significant figure if 
the multiplier f and place^ after the product, asmuny ciphers as there 
,are in the multiplier 

Examples. 
Multiply 
3501£ by 100. Ms. 3501200. 635427 by 500. Jns. 319213500. 
2107900by 70. .^iM. 147553000. 9120400 by 90. .flns. 820836000. 

S3. The preceding rules apply to the case, in which the multi- 
plier is any number whatever, by considering separately each 
of the collections of units of which it is composed. To multiply, 
for instance, 793 by 345, or, which is the same thing, to repeat 
793, 345 timeSf is to take 793, 5 times, added to 40 times, added to 
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300 tiin^9 and the operation to be performed is resolved into S 
others, in each of which the muUipliers, 5, 40^ and 300, have but 
one signi6cant figure. 

To add the result of these three operations easily, the calcula- 
tion is disposed thus ; 

793 
345 

— — # 
3965 

31720 

237900 



273585 

k- 

The multiplicand is multiplied sucressively by the units, tens, 
hundreds, &c. of the multiplier, obsei-ving to place a cipher on 
the right of the partial product, given by the tens in the multi- 
plier, and two on the right of the product given by hundreds^ 
which advances the first of these products one place towards the 
left, and the second, two. The three partial products are then 
adjdeil together, to obtain the total product of the given numbers. 

As the ciphers, placed at the end of these partial products, are 
of no value in the addition, we may dispense with writing tJiem, 
provided we take care to put in its i^roper place the first figure 
of the product given by each significant figure of the multiplier; 
that is, to put in the place of tens the first figure of the product 
given by the tens in the multiplier ; in the place of hundreds the 
first figure of the product given by the hundreds in the multiplier^ 
and BO on. 

34. According to what has been said, the rule is as follows. 
To multiply any two numbers^ one by the ather^ form suecessivdy 
f according to the rule in article. 30, J the products of the mullipli^ 
candf by the different orders of units in the multiplier ; observing to 
place the first figure of each partial product under the units of the 
same order with the figure of the multiplier 9 by which the product is 
given ; and then add together (dl the partial products* 

35. When the multiplicand is terminated by ciphers, they may 
at first be neglected, and all the partial multiplications begin 
with the first significant figure of the multiplicand 5 but after* 
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wardsy to pot in their proper rank the figures of the total pro- 
duct, as many ciphers^ as there are in the multiplicand, must b,e 
written on the right of this product. 

If the multiplier is terminated by ciphers, we may, according 
to the remark in article 31, ne^^lect these also, provided we write 
an equal number on the right of the product. 

Hence it results that, when both inuUiplicand and multiplier art 
terminated by cipherSf these ciphers may at first be neglected^ and 
after the other figures of the product are obtainedf the same number 
may be written on the right of the product. 

When there are ciphers between the significant figures of the 
multiplier, as they give no product, they may be passed over, 
observing to put in its proper place the unit of the product, giv- 
en by the figure on the left of these ciphers. 

Examples. 

SOO 526 Multiply 9648 by 5137. ^n5. 49561776, 

40 307 7854 by 350. Ans. 27489000. 

• \79.0A77A by 125. Ms. 2150596750. 

12000 3682 62500 by 520. Ms. 32500000. 

157800 25980762 bj 40. Ans. 1039^*^0480» 
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DIVISION. 

36. The product of two numbers being formed by repeating one 
of these numbers as many times as there are units in the other, 
we can, from the product^ find one of the factors, by ascertaining 
how many times it contains the other ; subtraction alone is neces- 
sary for this. Thus, if it be required to ascertain the number 
of times 64 contains 16, we need only subtract 16 from 64 as 
many times as it can be done ; and since, after 4 subtractionSf 
nothing is left, we conclude, that 16 is contained 4 times in 64* 
This manner of decomposing one number by another, in order 
to know how many times the last is contained in the first, is 
called ditn^iaHf because it serves to divide, or portion out, a 
given number into equal parts^ of which the number or value is 
given. 



If^ for inatance, it were required to divide 64 into 4 eqaal 
parts ; to find tlie talue of these parts^ it would be necessary to 
ascertain the numberf that is contained 4 times in 64, and conse- 
quently to regard 64 as a product^ having for its factors 4 and 
one of the required parts, which is here 16. 

If it were asked how many parts, of 16 each, 64 is composed of, 
it would be necessary, in order to ascertain the number of theso 
parts, to find how many times 64 contains 16, and consequentlyt 
64 must be regarded as a product, of which one of the foctors ia 
16, and the other the number sought, which is 4. 

Whatever then may be the object in view, divisum consists in 
finding one of the factors of a given productf when the other is 
known. 

37. The number to be divided is called the dividendt the fac- 
tor, that is known, and by which we must divide, is called tho 
divisor^ the factor found by the division is called the quotient, 
and always shows how many times the divisor is contained in the 
dividend. 

It follows then, from what has been said, that the divisor mul'* 
Hplied by the quotient ought to reproduce the dividend. 

38. When the dividend can contain the divisor a great many 
times, it would be inconvenient in practice to make use of repeated 
Sttbtractionf for finding the quotient ; it then becomes necessary 
to have recourse to an abbreviation analogous to that which is 
given for multiplication. If the dividend is not ten times larger 
than the divisor. Which may be easily perceived by the inspec- 
tion of the numbers, and if the divisor consists of only one figure^ 
the quotient may be found by the table of Pythagoras, since that 
contains all the products of factors that consist of only one 
Igure each. If it were asked, for instance, how many times 8 is 
contained in 56, it would be necessary to go down the 8th column^ 
to the line in which 56 is found ; the figure T, at the beginning 
of this line, shows the second factor of the number 56, or how 
BUiny times 8 is contained in this number. 

We see by the same table, that there are numbers, which can- 
not be exactly divided by others. For instance, as the seventh 
llne^ which contains all the multiples of 7, has not 40 in it, it 
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follows that 40 is not divisible by 7 ; but as it comes between 
35 and 42, we see that the greatest multiple of 7 9 it can contain^ 
is SSf the factors of which are 5 and 7. jly means of this ele- 
mentary informatiouy and the considerations, which will now be 
offered, any division whatever may be performed. 

S9. Let it be required, for example, to divide 1656 by 3 ; this 
question may be changed into another form, namely ; To find such 
a tmmidr, that muUiplying its unitSf tens, hundreds, ^c. tnj 3, tht 
product of these units, tens, hundreds^ ^c! may be the dividend, 1656. 

It is plain, that this number will not have units of a higher 
order than thousands, for, if it had tens of tliousands, there 
would be tens of thousands in the product, which is not the case. 
Neither can it have units of as high an order as thousands, for if 
it had but one of this order, the product would contain at least 3, 
which is not the case. It appears then, that the thousand in tlie 
dividend is a number reserved, when the hundreds of the quo- 
tient were multiplied by 3, the divisor. 

This premised, the figure occupying the place of hundreds, in 
the required quotient, ought to be such, that, when multiplied by 
3, its product may be 16, or the greatest multiple of 3 less than 
16. This restriction is necessary, on account of the i*eserved 
numbers, which the other figures of the quotient may furnish^ 
when multiplied by the divisor, and which should be united to 
the product of the hundreds. 

The number, which fulfils this condition, is 5 ; but 5 hundreds^ 
multiplied by 3, gives 15 hundreds, and the dividend, 1656, con- 
tains 16 hundreds ; the difference, 1 hundred, must have come then 
from the reserved number, arising from the multiplication of the 
other figures of the quotient by the divisor, tf we now subtract 
the partial product, 15 hundreds, or 1500, from the total product, 
1656, the remainder, 156, will contain the product of the units 
and tens of the quotient by the divisor, and the question will be 
reduced to finding a number, which, multiplied by 3, gives 156^ 
a question similar to that, which presented itself above. Thus 
when the first figure of the quotient shall have been found in 
this l$ist question, as it was in the first, let it be multiplied by the 
divisor^ then subtracting this partial product from the whole 
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prodactf the result will be a new dividend^ which may be treated 
in the same manner as thepreceding, and so on^ until the origi- 
nal dividend is exhaasted, 
40. The operation just described is disposed of thus ; 



diYidend 1656 


3 divisor 


15 


55^ quotient 


15 




15 




06 




6 







The dividend and divisor are separated bj a line; and another 
line is drawn under the divisor^ to mark the place of the quotient. 
This being done, we take on the left of the dividend the part 16, 
capable of containing the divisor, 5, and dividing it by this num- 
ber, we get 5 for the first figure of the quotient on the left ; then 
taking the product of the divisor by the number just found, and 
subtracting it from 16, the partial dividend, we write, under- 
neath, the remainder, 1, by the side of which we bring down the 
5 tens of the dividend. Considering the number, as it now 
stands, a second partial dividend, we divide it also by the divi- 
sor, S, and obtain 5 for the second figure of the quotient j; we 
then take the product of this number by the divisor, and subtract- 
ing it from the partial dividend, get for the remainder. We 
then bringdown the last figure of the dividend, 6, and divide^ 
this third partial dividend by the divisor, 3, and get 2 for the 
last figure of the quotient. 

41. It is manifest that, if we find a partial dividend, which can- 
not contain the divisor, it must be because the ((notient has no 
units of the order of that dividend, and that those which it con- 
tains arise from the products of the divisor by the units of the 
lower orders in the quotient ; it is necessary, therefore, when- 
ever this is the case, to put a in the quotient, to occupy the 
place of the order of units that is wanting. 

Jhith. 4 
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T^T iiwtaiieef let 15SS be divided by 9, 

m 

5 
307 



1535 
15 



035 
35 

00 

The division of the 15 hoDdreds of the dividend, by tlie divisor, 
leaving no remainder^ the 3 tens, which form the second partial 
dividend, do not contain the divisor. Hence it appears, that the 
quotient ought to have no tens ; consequently this place must be 
filled with a cipher, in order to give to the first figure of the 
quotient the value, it ought to have, compared with the others ; 
then bringing down the last figure of the dividend,.we form a 
third partial dividend, which, divided by 5, gives 7 lor the units 
of the quotient, the whole of which is now 307. 

42. The considerations, presented in ai*ticle 40, apply equally 
to the case, in which the divisor co<isists of any number of 
I figures. 

If« for instance, it were required to divide 57981 by 251, it 
would easily be seen, that the quotient can have no figures of a 
higlier order than hundi*eds, because, if it bad thousands, the divi- 
dend would contain hundreds of thousands, which is not the case j; 
further, the number of hundreds should be surh« that, multiplied 
by 251, the product would be 579, or the multiple of 251 next 
less than 579 ; this restriction is necessary on account of the 
reserved numbers which may have been furnished by the multi- 
plication of the other figures of the quotient by the divisor. The 
number, which answers to this condition, is 2 ; but 2 hundreds, 
multiplied by 251, give 502 hundreds, and the divisor contuns 
579 ; the difference, 77 hundreds, arises from the reserved 
numbers resulting from the multiplication of the units and tens 
of the quotient, by the divisor. 

If we now subtract the partial product, 502 hundreds, or 50200| 
from the total product, 57981, the remainder, 7781, will contain 
the products of the units and tens of the quotient by the divisor, 
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and the ciperation will be reduced to finding a numbeTf wbich^ 
muitipiied by 251, will give for a product 778 !• 

Thus, when the first figure of the quotient shall have been de- 
termined, it must be multiplied bjr the divisor, the product being 
subtracted from the whole dividend^ a new dividend will be the 
result, w hich must be operated upon like the preceding ; and so 
on, till the whole dividend is exhausted. 

It is always necessary, for obtaining the first figure of the 
quotient, to separate, on theleft of the dividend,'so many figures^ 
asy considered as simple units, wUl contain the divisor^ and ad« 
mit of this partial division. 

43« Disposing of the operation as before, the calculationf just 
explaiiied^ is perfn^rmed in the following order ; 



67981 
502 



251 



%^\ 



778 
7^3 

251 

251 

000 

i 

The S first figures, on the left of the. dividend, are taken to 
form the partial dividend ; they are divided b^ the divisor, and 
the number 2, theuce resulting, is written in the quotient i th^ 
/divisor is tnen multiplied by this number, and the product, 502^ 
JB written under the partial dividend, 579. Subtraction being 
j^rformed, the 8 tens of the dividend are brought down to the 
side of the remaindir, 77; tliis new partial dividend is then 
jdivided by the divisor, and S is obtained for the second figure of 
tlie quotient ; the divisor is multiplied by this, the product sub* 
|rai*ted from the corresponding partial dividend, and to the 
remainder, 25, is brought down the last figure of the dividend, 1 ; 
this last partial dividend, 251, being equal to the divisor, gives 1 
.for the units of the quotient. 

44. When the divisor contains many figures^ some difficulty 
l^ay be found in ascertaining how many times it is contained in 
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the partial difidendsJ The foUowiog exampte is dctigned 



show how it may be known. 



493405 
3880 



485 



878 



5540 
SS95 

1455 
1455 

0000 

It is necessary at first to take four fignres on the left of the 
dividend, to form a number which will contain the divioor ; and 
then it cannot be immediately perceived how many times 485 ii 
contained in 4234. To aid us in this inquiry, we shall observe, 
that this divisor is between 400 and 500 ; and if it were exactly 
one or the other of these numbers, the question would be reduced 
to finding how many times 4 hundred or 5 hundred is contained 
in the 42 hundreds of the number 4234, or, which amounts to the 
same thing, how many times 4 or 5 is contained in 42. For the 
first of these numbers we get 10, and for the second 8 ; the quo- 
tient must now be sought between these two. We see at first 
that we cannot employ 10, because this would imply, that the 
order of units in the dividend above hundreds contained the 
divisor, which is not the case. It only remains then, to try 
which of tlie two numbers 9 or 8, used as the multiplier of 485, 
gives a product that can be subtracted from 4234, and 8 is found 
to be the one. Subtracting from the partial dividend the pro- 
duct of the divisor midtiplied by 8, we get, for the remainder, 
354 ; bringing down then the tens in the dividend, we fbrm i 
second partial dividend, on which we operate as on tiie pre^ 
ceding ; and so with the others. 

45. The recapitulation of the preceding articles gives ns this 
rule. To divide one number hj another, place the divisor oir the 
right of the dividend, separate ihen^ by a Hne, and draw another 
line under the divisor, to make the place for the quotient. Take, on 
the left of the dividend, as many figures as are necessary to contain 
the divisor ; Jlnd how many times the number expressed -by tl^ first 



fyurecf the dm8or,is wiUmedin thai, repr^ented hf theJlrst,or 
two Jirstf Jigures of the partial dmdend ; muUiplfi this qiwiientf 
which is only an approximation^ by the divisor, and, if the product 
is greater than the partial dividciUl, take units from the. quotient 
continually p tiU it Tmll give a product that can be subtracted from 
the partial dividend ; subtract this product, and if the remainder 
be greater than the dividend, it wUl be a proof that the quotient has 
been too much diminished; and, consequently, it must be increased. 
By the side of the remainder bring dawn the next Jigure of tht 
dividend, and find, as before, how many times this partial dividend 
contains the divisor ; continue thus, until all the figures of the given 
dividend are brought down» When a partial dividend occurs, whiA 
does not contain tiie divisor, it is necessary, before bringing doxvu 
another figure of. the dividend, to put a cipher in the qu,otient. 

46. The operations required in division may be made to oo 
cupy a less space^ by performing. pen taUy the subtraction of the 
product3 given by the divisor and each figure of the quotient^ as 
is exhibited in the following Sample ; 



1755 
195 
000 



39 



45 



After having found that the first partial dividend contains 4 
times the divisol^^ 39^ we multiply at fimt the 9 units by 4, which 
gives S6 ; and, in order to subtract this product from the partial 
dividend) we add'to the 5 units in the dividend 4 tens, making 
their sum 45^ from which taiung S6, 9 remaii^s. We then re- 
serve 4- tens to join themy intbemindy to IS^ the product of the 
quotient by the tens in the divisor, making the sum 16 ; in taking 
Qiis sem from If^we take away the 4 tens^ with which we had 
augmented the units of the dividend^ in prder to perforqn the 
preceding subtraction* We then operate in the same manner on 
the second partial dividend^ 195, saying ; 9 times 5 make 45, 
taken from 45, nought remains, then 5 times 3 make 15, and 4 
tensf reserved, make 19, taken from 19, nought remains. 

We see sufficiently. by this. in what manner we are to perform 
any other example, however complicated, 

47. Division is also abbreviated when the dividend and divi- 
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tor are terminated by cipherst becaase we can strike oatf from 
the end of each, as many ciphers as are contained in the one thai 
has the least number. 

If, for instance, 84000 were to be divided by 400, these num- 
bers may be redot^ed to 840 and 4. and the quotient would not be 
altered ; for we should only have to change the name of the 
units, since, instead of 84000, or 840 hundreds, and 400, or 4 
hundreds, we should have 8^0 units and 4 units, and the quotient 
of the numbers 840 and 4 is always the same, wliatever may be 
the denominatiim of their units. 

It may also be remarked that, in striking ont two ciphers at 
the end of the given numbers, they have been, at the same time, 
both of them divided by 100 ; for it follows from artl'ie SI, tliat 
in striking out 1, S, or S ciphers on the right of any nunlberf th^ 
iQiamber is divided by 10, or 100, or 1000^ &c. 

Examples in Divintm. 
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Divide 49561776 by 5137* 


^ns. 9648. 


£7489000 by S50« 


Jlns. 7854. 


£150596750 by 1£5. 


Ms. 17204774, 


32500000 by 520. 


Jins. 62500. 




10392304800 by S 


50. 


Jins. 2598G762* 



48» Division and multiplication mutually prove each other, 
like subtraction and addition, for according to the definition of 
division, (36), we ought, by dividing the product by one <tf the 
factors, to find the other; and multiplying the divisor by thb 
quotient^ we ought to reproduce the dividend (37). 



FRACTIONS. 

49. Division cannot always be exactly performed, because 
any number whatever of units taken a certain number of timee^ 
does not always compose any other number whatever. Exam- 
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pies of this have already been seen in the table of PTthagom, 
which contains only the product of the 9 first numbers multiplied 
two and twoy but does not contain all the numbers between 1 
and 81f the first and last numbers in it. The method hitherto 
given shows then^ only how to find the greatest multiple of tho 
divisor, that can be contained in the dividend. 
If we divide Sd9 by H, according to the rule in article 46^ 

289 

79 

7 

we have, for the last partial dividend, the number 79$ which does 
not contain 8 exactly, but which, falling between the two numberSf 
T£ and 80; one of which contains the divisor, 8, nine times, and 
the other ten, shows us that the last part of the quotient is gi-eater 
than 9, and less than 10, and consequently, t'bat the whole quo* 
tient is between 29 and SO. If we multiply the unit figure of 
the quotient, 9, by the divisor, 8, and subtract ihe product from 
the last partial dividend, 79, the remainder, 7, will evidently be 
the excess of the dividend, 239, above the product of the factors^ 
29 and 8. Indeed, having, by the different parts of the operation^ 
subtracted successively from the dividend, 239, the product of 
each figure of the quotient bj^ the divisor, we have evidently sub- 
tracted the product of the whole quotient by the divisor, or 232 ; 
and the remainder, 7, less than the divisor, proves, that 232 is 
the greatest multiple of 8, that can be contained in 239. 

50. It must be perceived, after what has been said, that to 
reproduce any dividend, we must add to the product of the divi- 
sor by the quotient, the sum which remains when the division 
cannot be performed exactly. 

51. If we wished to divide into eight equal parts a sum of 
whatever nature, consisting of 239 units, we could not do it with- 
out using parts of units or fractions. Thus, when we have taken 
from the number 239- the 8 times 29«units contained in it, there 
will remain 7 units, to be divided into 8 parts ; to do this, we 
may divide each of these units, one after the other, into 8 parts, 
and then take one part out of each unit, which will give 7 parts 
to be jcnned to the 29 whole units, to form the eighth part of 
3S9, or the exact quotient of this number, by a. 



$3 JUrakmiHe. 

The same reasoning may be applied to every other example 
of division in which there is a remainder^ and in this case the 
quotient is composed of two parts ; one^ consisting of whole 
units, while the other cannot be obtained until the concrete or 
material units of the remainder have been actually divided into 
the number of« parts denoted by the divisor ; without this It can 
only be indicated by supposing, a unit of the dividend to be dtvid- 
id into as many parts as there are units in the divisor^ and so many 
of these pariSf as there are units in the remainder, taken to complete 
Vie quotient required. 

5i6. In general, when we have occasion to consider quantities 
less than unity, we suppose unity divided into a certain number 
of parts, sufficiently small to be contained a certain number of 
times in these quantities, or to measure them. In the idea thus 
formed of their magnitude there are two elements^ namely, the 
number of times the measuring part is contained in unity, and 
the number of these parts found in the quantities. 

A nomenclature has been made for fractions, which answers 
to this manner of conceiving and representing them. 
That which results from the division of unity 

into 2 iiarts is called a moiety or halff 

into 3 parts a third, 

into 4 parts a quarter or fmrth, 

into 5 parts ajifth, 

into 6 parts a sixth, 

and so on, adding after the two first, the termination f& to the num- 
ber, which denotes how many parts are supposed to be in unity. 

Every fraction then is expressed by two numbers ; the first, 
which shows how many parts it is composed of, is called the 
numerator, and the other, which shows bow many of these parts 
are necessary to form an unit, is called the denominator, because 
the denomination of the fraction is deduced from it. Five sixths 
of an unit is a fraction, the numerator of which is Jive, and the 
denominator six. 

The numerator and the denomtYiafor together are called the two 
terms of the fraction. 

Figures are used to shorten the expression of fractions^ the 
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denominator being written under the iHiBierator, and separated 
from it by a liue^ 

one third is written ^^ 
five sixths (•• 

53. According to the meaning attached to the words, numeral 
tar and denamnaior, it is plain, that a fraction is increased9 by 
increasing its numerator, without changing its denominator ; for 
this last, as it shows into how many parts unity is divided, deter- 
Hunes the magnitude of these parts, which continues the same, 
while the denominator remains unchanged ; arid by augmenting 
the numeratoi^ the number of these parts is augmented, and con- 
sequently the fraction increased. It is thus, for instance, that \ 
exceeds ^, and that 4$ exceeds W. 

It follows evidently from this, ihaJt Ihi repeating the numerator 
d^ 3, or any mkmJber of times, without altering the denominator^ 
we repeat, a like number of times, the quantity expressed by the 
fraction, or in other wards multiply it by this number ; for we 
make 2, 3, or any number of times, as many parts, as it had 
before, and these parts have remained each of the same value. 

The fraction |, then, is the triple of \ and ^^ the double of /-j-. 

A fraction is diminished by diminishing its numerator, without 
changing its denominator, since it is made to consist of a less 
number of parts than it contained before, and these parts retain 
the same value* Whence, if the numerator be divided by 2, 3, or 
any number, witliaut the denomitiator being altered, the fraction is 
made a like number of times smaller, or is divided by that number, 
for it is made to contain 3, 3, or any number of times less parts 
than it contained before, and these parts remain of the same 
value. Thus | is a third of 4 and /^ is half of |f . 

54. On the contrary, a fraction is diminished, when its de- 
nominator is increased without changing its numerator; for 
then more parts are supposed in an unit, and consequently they 
must be smaller, but, as only the same number of them are taken 
to form the fraction, the amount in this case must be a less quan- 
tity than in the first. Thus | is less than |, and -j^ than |. 

Hence it follows, that if the denominator of a fraction be muUi' 
plied by 2, S, or any number, without the numerator being changed, 
AHth. 5 



34 Mthmetic 

the fraction becomes a like number ef times smaller, or is divided bif 
that numbeVf fur it is composed of the same number of parts aa 
before, but each of them lias become 2, 3, or a certain number 
of times less. The fraction 4 is half of }, and ^ the third of 4* 

Ji fraction is increased when Us denominator is diminished wttA- 
ont the numertttor being changed ; because, as unity is supposed to 
be divided into fewer parts, each one becomes greater, and their 
amount is therefore greater. 

Whence, if the denominator of a fraction be divided by 2^ 3, or 
any other number^ the fraction will be made a Uke number of times 
greater, or will Ite nmUipUed by thai number ; for the number o£ 
parts remains the same, and each one becomes 3, 3, or a certain 
number of times gt*eater than it was before. According to this^ 
I is triple of j\ and f the quadruple of /^. 

It may be remarked, that to suppress the denominator of a 
fraction is the same as to multiply tiie fraction J>y that number* 
For instance, to suppress the denominator S in the fraction f is to 
change it into 2 whole ones, or to multiply it by 3. 

55. The preceding propositions may be recapitulated as follows $ 

i^sSiri''"*}''"-^— "•'"■•.''»'-'-»{»S!lS«i 

56. The first consequence to be drawn from this table is, that 
the operations performed on the denominator ppoduce effects of 
an inrverse or contrary nature with respect to the value of the 
fraction. Hence it results, that^ if both the numerator and denom' 
inator of a fraction be muUiplied at the same time, by the same 
number, the value of the fraction wUl not be altered; for if^ on the 
one hand, multiplying the numerator makes tiie fraction d, S, &€• 
times greater, so on the other, by the second operation, the half 
or third part &c. of it is taken ; in other words, it is divided by 
the same number, by which it had at first been multiplied. 
Thtis I is equal to ^'y, and/^ is equal to ||. 

57. It is also manifest that, if both the numerator and denomi* 
nator of a fraction be divided, at the same time, by the same num^ 
ber, the value of the fraction wUl not be altered ; for if, on the one 
hand, by dividing the numerator the fraction is made 9, 3, Sou 
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times smaller ; on the other, by the second operation, the double, 
triple, &c. is taken ; in short it is multiplied bjr the same num- 
ber, by which it was at first divided. Thus the fraction | is 
equal to |, and | is equal to |* 

58. It is not with fractions as with whole numbers, in which a 

magnitude, so long as it is considered with relation to the sam^ 

unit, is susceptible of but one expression. In fractions on the 

contrary, the same magnitude can be expressed in an infinite 

' number of ways. For instance, the fractions 

h h h h tV* tV» tV^ &c. 
in each of which the denominator is twice as great as the nume- 
rator, express, under different forms, the half of an unit. The 

fractions ^, |f f , ^^^ tt* tV^ A» *^ 

'of which the denominator is three times as great as the numera- 
tor, represent each the third part of an unit. Among all the 
forms, which the given fraction assumes, in each instance, the 
'first is the most remarkable, as being the most simple ; and, con- 
sequently, it is well to know how to find it from any of the 
'others. It is obtained by dividing the two terms of tlie others 
by the same number, which, as has already been shown, does not 
alter their value. Thus if we divide by 7 the two terms of the 
fraction -^^^ we come back to ^ ; and, performing the same ope- 
ration on ,\, we get ^. 

■ 59. It is by following this process, that a fraction is reduced 
to its most simpk terms ; it cannot, however, be applied, except to 
fractions, of which the numerator and denominator are divisible 
by the same number ; in all other cases the given traction is the 
most simple of all those, that can represent the quantity it ex- 
presses. Thus the fractions ^, ^7, ^f 9 the terms of which can- 
not be divided by the same number, or have no common divisor, 
are irreducible, and, consequently, cannot express, in a more sim- 
ple manner, the magnitudes which they represent. 
* 60. Hence it follows, that to simplify *a fraction, we must 
endeavour to divide its two terms by some one of the numbers, 
^, S, Jcc ; but by this uncertain mode of proceeding it will not 
be always possible to come at the most simple terms of the given 
fraction, or at least, it will often be necessary to perform a great 
number of operations. 
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If, for tmrtnee, the rraction 4^ were givmif it may be seen at 
once, that ^acb of its terms is a multiple of ^ and diridiiig them 
by this numbery we obtain ^| ; dividing these last also by 2, we 
obtain -^^^ Altiiough much more simple now than at first, this 
fraction is still susceptible of redoction, for its two terms can be 
divided by S, and it then becomes f • 

If we observe^ that to divide a number by S, then the quotient 
by S9 and then the second quotient by S, is the same thing as to 
divide the original number by the product of the numbersy df 9$ 
and 3» which amounts to 1^ we shall see thai the three above 
operations can be performed at once by dividing the tvo tonus 
of the given fraction by 12, and we shall again have ^. 

The numbers 2, 3, 4, and 12» each dividing the two number 
M and 84 at the same time, are the common divisors of these 
numbers ; but 12 is the most worthy of attentbn, because it is 
the greatest, and it is by employing the greatut commm dtiPtJor 
of the two terms of the given fraction, that it is reduced at oncie 
to its most simple terms. We have then this important prob- 
lem to solve, two nwwJbers ietiig given, to find tkdr greateit oom^ 
mon iUvisor^. 

61. We arrive at the knowledge of the eommon divisor of twf 
numbers by a sort of trial easily made, and which has this rf^ 
commendation, that each step brings us nearer and nearer t^ 
the number sought. To explain it clearly, 1 will take an example. 

Let the two numbers be 637 and 143. It is plain^ that ths 
greatest common divisor of these two numbers cannot exceed the 
smallest of them ; it is proper then to try if the number 14% 
which divides itself and gives 1 for the quotient, will also divide 
the number 637, in which case it will be the greatest commoii 
divisor sought. In the given example this is not the case ; we 
obtain a quotient 4, and a remainder 65« 

Now it is plain, that every common divisor of the two numt* 
hers, 143 and 63r« ought also to divide 65, the remainder result- 
ing from their division ; for the greater, 637, is equal to ths 



t What 18 here called the greatest common divisovy is sometimes 
called the greatest common measure. 



less* 143, multiplied bj 4» {duB the renmiiider^ 65, (50) ; now in 
dividing 637 by the common divisor flooj^hty we shall have an 
exact quotient ; it follows then^ that we most obtain a like quo* 
tient» bj dividing the ass^nblage of parts, of which 637 is con^- 
posedf by the same divisor; but the product of 143 by 4 must 
necessarily be divisible by the common divisor^ which is a factor 
of 143, and consequently tiie other part, 65, must also be divisi- 
ble by the same divisor ; otherwise the quotient would be a whole 
number accompanied by a fraction, and consequently could not 
be equal to the whole number, nesulting from the diviuon of 
687 by the common divisor. By the same reasoning, it may be 
proved in general, that every f^mman divisor of two numberg must 
also dhnde the remainder resulting from the division of the greater 
tf the two by the kss. 

According to this principle, we see, that the common divisor 
of the numbers 637 and 143, must also be the common divisor 
of the numbers 143 and 65 ; but as the last cannot be divided by 
a number greater than itsdf> it is necessary to try 6t5 first. 
Dividing 143 by 65, we find a quotient d, and a I'emainder 13 ; 
65 then is not the divisor sought. By a course of reasoning, 
similar to that pursued with regard to the numbers, 637, 143, 
and the remainder, resulting from their division, 65, it will be seen 
that every common divisor of 143 imd 65 must also divide 
the numbers 65 and 13 ; now the greatest common divisor of 
these two last cannot exceed 13 ; we must therefore try, if 13 will 
divide 65, which is the case, and the quotient is 5 ; then 13 is 
the greatest common divisor sought. 

■ We can make ourselves certain of its possessing tliis property 
by resuming the operations in an inverse order, as follows ; 

As 13 divides 65 and 13, it will divide 143, which consists of 
twice 65 added to 13 ; as it divides 65 and 143, it will divide 
637, which consists of 4 times 143 added to 65 ; 13 then is the 
common divisor of the two given numbers. It is also evident, 
by the very mode of finding it, that there can be tio common 
divisor greater than 13, since 13 must be divided by it. 

It is convenient in practice, to place the successive divisions 
one after the other, and to dispose of the operation, as mey be 
seen in the following example ; 
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fbe quotients^ 4^ Q, 5, being separated from the other figures. 

The reasonmgi employed in the preceding example, may be 
applied to any numbers, and thus conduct us to this general rule. 
The greatest common divisor of two numbers will be fmndf by 
Voiding the greater hy the less ; then the less by the remainder of the 
first iHvision ; then tins remainder, by the remainder of the second 
division ; then this second remainder by the third, or that of the 
ihird division ; and so on^ till we arrive at an exact quotient; the 
last divisor will be the common divisor sought* 

62. See two examples of the operation. 
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752 then is the greatest common divisor of 9024 and 3760* 



937 
47 

467 
423 

^1a 



47 


44 


3 


2 


19 44 


1 S 


14 2 


1|2 


3 


14 


1 







2 







«l 



By this last operation we see that the greatest common divi- 
sor of 937 and 47, is 1 only, that is, these two numbers, pro- 
perly speaking, have no common divisor, since all whole nam- 
bers, like them, are divisible by 1. 

'\^e may easily satisfy ourselves, that the rule of the preceding 
article must necessarily lead to this .result, whenever the given 
numbers have no common divisor ; for the remainders, each 
being less than the corresponding divisor, become less and less 
every operation, and it is plain, that the division will continue 
as long as there is a divisor greater than unity. 

63. After these calculations, the fraction \^^ and |J||, can 
be at once reduced to their most simple term, by dividing the 
terms of the first by their common divisor, 13, and the terms of 
the second, by their common divisor, 752; we thus obtain || 
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and ^^. As to the fraction, ^Yr* ^^ ^ altogether irreducible^ 
since its terms have no common divisor but unity. 

64. It is not always necessary to find the greatest common 
divisor of the given fraction ; there are, as has before been 
remarked, reductions, which present themselves without this 
preparatory step. 

Every number terminated bj' one of the figures 0, 2, 4, 6, Sf 
is necessarily divisible by S ; for in dividing any number by 2» 
only 1 can remain from the 'tens; the last partial division can 
be performed on the numbers 0, 2, 4, 6, 8, if the tens leave no 
remainder, and on the numbers 10, 12^ 14, 16^ 18, if they do> 
and all these numbers are divisible by 2. 

The numbers divisible be S are called even numhersp because 
they can be divided into two equal parts. 

Also, every number terminated on the right by a cipher, or 
by 5, IS divisible by 5, for when the division of the tens by 5 has 
been performed, the remainder, if there be one, must necessarUy 
be either 1, 2, 3, or 4, the remaining part of the operation wiil 
be performed on the numbers 0, 5, 10, 15, 20, 25, 30, 65^ 40, or 
45, all of which are divisible by 5. 

The numbers, 10, 100, 1000, &c. expressed by unity followed 
by a number of ciphers, can be resolved into 9 added to 1, 99 
added to 1, 999 added to 1, and so on ; and the numbers 9, 99^ 
999, &c. being divisible by S, and by 9, it follows that, if num- 
bers of the form 10, 100| 1000, &c. be divided by 3 or 9, the 
remainder of the division will be 1. 

Now every number which, like 20, 300, or 5000, is expressed 
by a single significant figure,. followed on the right by a number 
of ciphers, can be resolved into several numbers expressed by 
unity, followed on the right by a number of ciphers ; 20 is equal 
to 1 added to 10 ; 300, to 100 added to 100 added to 100 ; 5000, to 
1000 added to 1000 added to 1000 added to 1000 added to 1000 ; 
and so with others. Hence it follows, that if 20, or 10 added to 10^ 
be divided by 3 or 9, the remainder will be 1 added to 1, or 2 ; 
if 300, or 100 added to 100 added to 100, be divided by 3 or 9^ 
the remainder will be 1 added to 1 added to 1, or 3. 

In general, if we resolve in the same manner a number ex- 
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pressed by one stgnificaiit figure, followed, on the right, by a num- 
ber of ciphers, in order to divide it by 3 or 9 $ the reouiinder of 
this division will be equal to as many times 1, as there are units 
in the significant figure, that is, it will be equal to the significaiit 
figure itself. Now any number being resolved into units, tens^ 
hundreds, &c. is formed by the union of several numbera ex- 
pressed by a^ingle significant figure ; and, if each of these last be 
divided by S or 9, the remainder will be equal to one of the slg4 
nificant figures of the given number ; for instance* the divimi 
•f himdreds will give, for a remainder, the figure occupying .the 
place of hundreds ; that of tens, the figure occupying the pjtece 
of tens ; and so of the others. If then, the sum of all tbtse 
remainders be divisible by S or 9, the division of the given mm- 
ber by 3 or 9 can be performed exactly ; whence it follows, thai 
if the sum of the figures, constituting any number, be divtsiUe 
by 3 or 9, the number itself is divisible by 3 or 9. 

Thus the numbers, 423, 4251, 15342, are divisible by S, b^ 
cause the sum of the significant figures is 9 in the firstf 12 in tte 
second, and 15 in the third. 

Also, 621, 8280, 934218, are divisible by 9, because the sumoC 
the significant figures is 9 in the first, 18 in the second, and 27 
in the third. 

It must be observed^ that every number divisible by 9 is also 
divisible by 3, although every number divisible by 3 is Bot a|iO 
divisible by 9. 

Observations might be made on several other numbers analo- 
gous to those just given on 2, 3, 5, and 9 ; but this would lead me 
too far from the subject 

The numbers 1, 3, 5,7, 11, 13, 17, &c. which can be divided 
only by themselves, and by unity, are called pnme numbers^ two 
numbers, as 12 and 35, having, each of them, divisors, but 
neither of them any one, that is common to it with the other, are 
called ftime to each other. 

Consequently, the numerator and denominator of an irreduci- 
ble fraction are prime to each other. 

Examples for practice under Article 61. 
What is the greatest common divisor of 24 and 36 ? Jlns. 12* 
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What is the greatest commoii divisor of 55 and 100 7 Jtns. 5« 
What 18 the greatest commoii divisor of 312 and 504 ? 

MxawpUs for practice under arHcUs 57p 5S, and 60. 

Reduce f I to its most simple terms. Jlns. 4» 

Bedoce^'i^^^ to its most simple terms. ^ Jins. \. 

Bedace y^^ to its most simple terms. Ais. |* 

Reduce ^fl to its most simfde terms. Jhis. |^. 

Bedoce |f | to its most simple terms. Jlns. |.. 

Reduce ||-jf to its most simple terms. Jhis. 4|« 

65. After this digression we will resume the examination of 
the table in article 55^ 

that we may deduce from it some new inferences. 

We see at once^ by an inspection of this table, that a fraction 
can be multiplied in two ways, namely^ by multiplying its nu- 
merator, or dividing its denominator, and that it can also bo 
divided in two ways, namely* by dividing its numerator, or mul- 
tiplying its denominator ; hence it follows, that multiplication 
alone, according as it is performed on the numerator or denomi- 
nator, is sufficient for the multiplication and division of fractions 
by whole numbers. Thus ^j, multiplied by 7 units, makes f^ ; 
f , divided by d, makes ^\. 

Examples for practice. 

Multiply I by 5. Jns. V. Divide | by 5. \$ns. |. 

Multiply 7^^ by 4. Jins. ||. Divide f\ by 6. Ms. ^y* 

Multiply :j\ by 6. Jins. |. Divide » by 10. Jlns. ^V- 

Multiply « by 30. -Stw. »f«. * Divide | by 8. Jins. ^j. 

Multiply ,1^ by 5. Jins. |. Divide |^ by 4. Jlns. |. 

Multiply /, by 9. Jtns. |. Divide |4 by 4. Jins. |. 

66. The doctrine of fractions enables us to generalize the 
definition of multiplication given in article SI. When the multi* 

dnth. 6 
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*plier is a whole mimberf it shows how many times the multipli- 
cand is to be repeated ; but the term multiplication^ extended to 
fractional expressions^ does not always imply augmentation^ as 
in the case of whole numbers. To comprehend in one state- 
ment every possible casey it may be said, that to miMijiy one 
numher by another is, to form a wmber by means of thejirstp in the 
same manner as the second isformedt by meam of tmity. In real- 
ity, when it is required to multiply by 2, by S, &c. the product 
consists of twice, three times, &c. the multiplicand, in the same 
way as the multiplier consists of two, three, &c. units ; and to 
multiply any number by a fraction, | for example, is to take the 
fifth part of it, because the multiplier |» being the fifth part of 
unity, shows that the product ought to be the fifth part of 
the multiplicand"^. 

Also, to multiply any number by f is to take out of this num- 
ber or the multiplicand, a part, which shall be four fifths of it^ or 
equal to four times one fifth. 

Hence it follows, that the olfject in mtdtiplying by afractionp 
whatever may be the multiplicantlf is, to take out of the multipiicamd 
a part, denoted by the multiplying fraction ; and that this opera- 
tion is composed of two others, namely, a division and a mnlti- 
plication, in which the divisor and multiplier are whole nurnben* 

Thus, JTor instance, to take | of any number, it is first neces- 
sary to find the fifth part, by dividing the number by 5p and to 
repeat this fifth part four times, by multiplying it by 4. 

We see, in general, iAo^ the multiplicand must b^ divided by the 
denominator of the multiplying fraction, and the quotient be mutH' 
plied by its numerator. 

The multiplier being less than unity, the product will be small- 
er than the multijriicandf to which it would be only equal, if the 
multiplier were 1. 

67. If the multiplicand he a wMe nnmber divisible by 5, for 



* We are led to this statement, by a question which often preaenti 
itself; namely, where the price of any quantity of a thing is required, 
the price of the unity of the thing being known. The question evi- 
dently remains the same, whether (he given qumitity be greater or 
less than this unity. 



49 

instance, 59, tfie fifth part will be 7 ; fliis rtmlif multiplied by 4,* 
will give M for the | of 35, or for the product of 35 by |. If 
the multiplicandf always a whole number, be hot exactly divisi- 
Ue by 5, as, for instance, if it were 32, the division by 5 will 
give for a quotient 6| ; this quotient repeated 4 times will give 24|« 

This result presents a ft*actxon in which the numerator exceeds 
the denominator, but this may be easily explained* The ex- 
pression |, in reality demiting 8 parts, of which 5, taken ta^ 
gether, make unity, it fellows, that { is equivalent to unity added 
to three fifths of unity, or 1| ; adding this part to the S4 units^ 
we haye 25f fbr the Value of f of 352. 

68. It is evideirtj0om the preceding example, that the frac- 
tion I contains unttyi or a whok one, and |, and the reasoning, 
which led to this conclusion, shows also, that every fractional 
expression, of which the numerator exceeds the denominator, 
contains one or more units, or whole ones, and that these whole 
ones may he extracted by dividing the numerator by the denomina- 
tor ; the qument is the number cf units contained in the fraction f 
and the remaindert written as a fraction, is that, which must ac- 
company the whole ones. 

Thfe expression 'jy, for instance, denoting 307 parts, of 
which 9S make unity, there are, in the quantity represented by 
this expression, as many whole ones, as the number of times 
53 ik Coiitaitied in 307 ; if the division be performed, we shall 
obtain 5 for the quotient, and 4£ for the remainder ; these 42 are 
fifty third piurts of unity ; thus, instead of yi^, nmy be written 

Eaeamples far pracUcCm 
Reduce the fraction f to its equivalent whole number. 

Beduce { to its eqiuvalent whole or mixed number* Jbu. 3|. 
ttedttce y to its equivalent whole or mixed number. 
# V Am. 3|. 

Reduce Vv' ^o its equivalent whole or mixed number* 

Ans. 24/^. 
Reduce V to its eqiuvaleot whole or mixed number* 
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Reduce V/ to ^ equivalent whole or mixed number. . 

Jim* 10/f* 

69. The expression 5||, in which the whole number is given, 
beifig composed of two difierent parts» we hare often occasimi 
to convert it into the original expression ^^ , which is called^ 
reducing a whole number to afracHinu 

To do this* the 'whok fmmber is to hemuU^fUed 6y tke.denmmU 
naior of the aceompanym^fratiiimf the numerator to be added to thoi 
product, and the denonnnator of the same fraction to be green to the 
$um. 

In this casef the 5 whole ones must beroonverted into fifty^ 
thirds which is- done by multiplying 55 by4^ because each untt 
must contain 53 parts ; the result will be ^ ; joining this part 
with the second^ If, the answer will be yi^ . 

t 

Examples for pradHee. 

Beduce 12| to a fraction. 9ns. y • 

Reduce 64 to a fraction. Ans. V* 

Reduce S\^-^ to a fraction. Ans. y/. 

Reduce 45^^^ to a fraction. 4^* 'AV • 

70. We no>% proceed to the multiplication of one, fraction by 
another. 

If, for instance, \ were to be multiplied by 4 ; aocording to arti- 
cle 66f the operation would consist in dividing! by 5$ and multi- 
plying the result by 4 ; according to the table in article 65^ the first 
oi^eration is performed by multiplying 3, the denominator of the 
multiplicand, by 5 ; and the second, by multiplying S, the nume- 
rator of the multifdicandf by 4 ; and the required product is tihos 
found to be ^^^. 

It will be the same with every other example, and it must con- 
sequently be concluded from i^hat precedes, that to obtain the 
product of twofractionSf the two numerators must be multiplied, 
one by the other, and under the product must^ be placed the product 
of the denominators. 

Examples. 
Multiply I by |. Jins. A* Jiiultiply 4 by ^. Jbis. ^. 



Multiply I by {. Jha. ^V Multiply 44 by 4|. ^m. 4|. 
Multiply /t by |. •flii«. |. Multiply 44 by f^. .tfiw. |||, 

71. It may sometimes happen that two mixed nunibersy or 
urbole numbers joined ^ith fractions^ are to be multiplied, one by 
tlie other, as, for instance, S^ by 4|. The most simple mode 
of obtaining the product is, to reduce the whole numbers to frac- 
tions by the procees In article 69 ; the two factors will then be 
expressed by y and */» ^^^ their product, by *||* or 18^|, by 
extracting the whole ones (68).' 

7S. The name /radf cms of fractions is sometimes given to the 
product of sevend fractions ; in this sense we say, | of 4. This 
expression denotes 4 of the quantity represented by | of the 
oHginal unit, and taken in its stead for unity. These t^^o frac* 
tions are reduced to one by multiplication (70), and the r^ 
suit, ^\^, expresses the value of the quantity required, with 
relation to the original unit; that is, | of the quantity rep- 
resented by 4 of unity is equivalent to rfj of unity. If it were 
required to take ^ of this result, it would amount to taking I of 
I of |, and these fractions, reduced to one, would give ^Yt ^^^ 
the value of the quantity sought, with relation to the original 
unit. 

73, The word contain, in its strict sense, is not more proper in 
the different cases presented by division, than the word repeat in 
those presented by multiplication ; for it cannot be said that the 
dividend contains the divisor, when it is less than the latter; the 
expression is generally used, but only by analogy and extension. 

To generalize division, the dividend must be considered as htto* 
ing the same rdation to the quotient, that the divisor has to unity, 
because the divisor and quotient are the two factors of the 
dividend (36). This consideration is conformable to every 
case that division can present. When, for instance, the divi[sor 
is 5, the dividend is equal to 5 times the quotient, and, conse- 
quently, this last is the fifth part of the dividend. If the divisor 
be a fraction, | for instance, the dividend cannot be but half of 
the quotient, or the latter must be double the former. 

The definition, just given, easily suggests the mode of pro- 
ceeding, when the divisor is a fraction. Let us take, for ex^ 
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ample^ f • In this case the dividend ought to be only $ of the 
quotient ; bat | being ^ of ft we shall haire | uf the quotient, by 
taking ^ of the difidend, or dividing it by 4. Thus knowing ) 
of the quotientf we have only to take it 5 timesy or multiply it 
by 5f to obtain the quotient. In this operation the di% idend it 
divided by 4 and multiplied by 5, which is the same as taking 
^ of the dividendf or multiplying it by |, which fraction is no 
other than the divisor inverted. 

This example shows, that, in general, id divide any fmmkr if 
afraelum^ U muU be mtdtiplied by tlie fraction inveried. 

For instance, let it be required to divide 9 by f ; this will be 
done by multiplying it by ^, and the quotient will be found to be 
Y or 12. Also IS divided by 4 will be the same as IS mdti- 
]^ied by I or V* '^^^ required quotient will be 16^, by ex- 
tracting the whole ones (68). 

It is evident that, whenever the numerator of the diyisor ii 
less than the denominator, the quotient will exceed the dividend^ 
because the divisor in that case, being less than unity, most be 
contained in the dividend a greater number ctf times, than nnil^ 
is, which, taken for a divisor, dways gives a quotient exacUy 
the same as the dividend. 

74. When the drridemd is a Jraotionf the operaiiim must be per- 
farmed by multiplying the dividend 6y the divisor inverted (70)* 

Let it be required to divide f by | ; according to the preced- 
ing article, | must be multiplied by |, which gives f |^. 

It is evident, that the above operation may be enunciated thus; 
To divide one fraction by awaberf the Mimeralor of the first mtuf 
be multiplied by the denomimaior rf the seeomd, and the denomimdor 
of thefiratf by the numerator of the second. 

If there be whole numbers joined to the given fractions, th^ 
roust be reduced to fractions, and the above rule ^iplied to the 
results. 

Examples. 

Divide 9 by |. Jlns. V* Divide 7^ by 4. Jlns. V* 

Divide 18 by |. ^ns. 15. Divide ^ by S|. Jns. ||. 

Divide | by ^. Ms. ^V- Divide V by ^\. Ms. 4£. 

Divide^ by /^, Ans. ^. Divide ^4 by 44. M^.l. 



7 b. It is important to obserycf that any division^ whether it 
can be performed in whole numbers or notf may be indicated by 
a fractional expression; Y^ for instance^ expresses evidently 
the quotient of 36 by S, as well as 12^ for ^ being contained three 
times in unity, ^ ^^' ^ contained 3 times in 36 units^ as tha 
quotient of 36 by 3 must be. ' 

76. It may seem preposterous to treat of the multiplication and 
division of fractions before havings said any thing of the manner 
of adding and subtracting them ; but this order has been follow- 
ed, because' multiplication and division follow as the imme- 
diate consequences of the remark given in the table of arti- 
cle 559 but addition and subtraction require some previous 
preparation. It is, besides, by no means surprising, that it 
should be more easy to multiply and divide fractious, than to add 
and subtract them, since they are derived from division, which 
ia so nearly related to noiyUiplication. There will be many op- 
portunities, in what follows^ of becoming convinced of this truth ; 
that i^rations to be performed on quantities are so much the 
more easy, as they approach nearer to the origin of these qnan* 
tities. We will now proceed to the addition and subtraction of 
fractions. 

77. When the fractioos on which these operations are to be 
performed have the same denominator, as they contain none but 
paBts of the same denomination, and consequently of die same 
magnitude or value, they can be added or subtracted in the same 
manner as whole numbers, care being taken to mark, in the re- 
sult, the denomination of the parts,, of which it is compoRed. 

It is indeed very plain, that ^ and -/y make ^'y, as 3 quan- 
tities and 3 quantities of the same kind make 5 of that kind^ 
whatever it may be. 

Also, the difference between f and \ is f., as the difference be- 
tween 3 quantities and 8 quantities, of the same kind, is 5 of that 
kind, whatever it may be. Hence it must be concluded, that, to 
add OT svidract fractionSf having the same denominator, tlie sum or 
difference of their numerators nmst be taken, and the common de^ 
nominator written under the result. 

78. When the given fractions hav^ different denominators, it 
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is impossible to add together, or subtract, one from the other, 
the parts of which tliey are composed, because these parts are 
of different magnitudes ; but to obviate this difficulty, the frac- 
tions are made to undergo a change, which brings them to parts 
of the same magnitude, by giving them a common denomi- 
nator. 

For instance, let the fractions be | and | ; if each term of the 
first be multiplied by 5, tbe denominator uf the second, the first 
will be changed into \^ ; and if each term of the second be mul- 
tiplied by d, the denominator of the first, the second will be 
changed into 4| ; thus two new expressions will be formed, hav" 
ing the same value as the given fractions (56). 

This operation, necessary for comparing the respective mag- 
nitudes of two fractions, consists simply in finding, to express 
them, parts of an unit sufficiently smidl to be contained exactly 
in each of those which form the given fractions. It is plain, in 
the above example, that the fifteenth part of an unit will exactly 
measure ^ and \ of this unit, because } contains five 15^, and 
I contains three 1 5^ • The process, applied to the fractions § 
and ^, will admit of being applied to any others. 

In general, to reduce any two fractions to the same denominatarf 
the two terms of each of them must be multiplied by the denominator 
of the other. 

79. dny number of fractions are reduced to a common dtnominO' 
toTf by multiplying the two termsqf each by the product of the dewm^ 
motors of aU the others ; for it is plain that the new denominators 
are all Uie same, since each one is the product of all the ori^nal 
denominators, and that the new fractions have the same value as 
the former ones, since nothing has been done except multiplying 
each term of these by the same number (56). 

Exampks. 

Reduce | and | to a common denominator. Ais. fl^, |J. 
Beduce r^^ and 4 to a common denominator. JSns. 4-f • ^J. 
Reduce |, |, and f to a common denominator. JIns. ^^, f |, |j. 
Beduce ^V» h 7' ^"^ I to a common denominator. 

JlnJt^ —* 3 9^M 18*0 1800 17C0 
^ms. ■jyjTff -sij^f TTTVf TW* 
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The preceding rule conducts us* in all cases^ to the proposed 
end ; but \f^hen the denominators of tlie fractions in question are 
not prime to each other, there is a common denominator more 
simple than that which is thus obtained, and which may be 
shown to result from considerations analogous to those given in 
the preceding articles. If, for instance, the fractions were |, |, 
|., ^, as nothing more is required, for reducing tiiem to a com- 
mon denominat^ir, than to divide unity into parts, which shall be 
exactly contained in those of which these fractions consist, it will 
be sufficient to find the smallest number, which can be exactly 
divided by eacii of their denominators, 3, 4, 6, 8 ; and this will 
be discovered by trying to divide the multiples of 3 by 4, 6, 8 ; 
which does not succeed until we come to £4, when we have only 
to change the gi\en fractions into £4^*' of an unit. 

To perform this operation we must ascertain successively bow 
many times the denominators, 3, 4, 6, and 8, are contained in 
24, and the quotients will be the numbers, by which each term 
of the respective fractions must be multiplied, to be reduced to 
the common denominator, 24. It will thus be found, that each 
term of 4 must be multiplied by 8, each term of | by 6, each 
term of f by 4, and each term of | by 3 ; the fractions will then 
become i|, ^J, |J, f^. 

Algebra will furnish the means of facilitating the application 
.of this process. 

80. By reducing fractions to the same denominator, tliey may 
be udded and subtracted as in article 77. 

81. When there are at the same time both whole numbers and 
fractions, the whole numbers, if they stand alone, must be con- 
Verted into fractions of the same denomination as those which 
are to be added to them, or subtracted from them ; and if th^ 
whole numbers are accompanied with fractions, they must be 
reduced to the same denominator with these fractions. 

It is thus, that the addition of four units and | changes itself 
into the addition of y and |. and gives for the result y*. 

To add 34 to 5|. the whole numbers must be reduced to frac- 
tions, of the same denomination as those which accompany them, 
which reduction gives y and y ; with these results the sum is 
found to be Y^^^ or 8||. If, lastly^ | were to be subtracted from 
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1^ 


Ans. 


41 


Jins. 


^T» 


Ms. 


12,V 
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S^« the operation would be reduced to taking ^ from ^ # and the 
remainder would be ^|. 

Examples in addition qffracHonSm 

Add I to f 

Adfl ^ to |«. 

Add 4 to f . 

Add 4f |f and 4 together. 

Add 2^, 4|, and 5^ together. 

Add ^, 1^, and 6| together. .tfns. 8|. 

Examples in subtraction offractions. 

From § take ^. ./9n9. 4. From 5| take 2|. Ms. ^. 

From I take |. ./fln^. ^V* ^^°^ ^1 ^^^^ ^1* •^^^ ^tt* 
From ^% take t*^. .tfiw. J. From 3^ take S^f . ^iw. | •. 

82. The rule given^ for the reduction of fractions to a com- 
mon denominator supposes, that a product resulting from the 
successive multiplication of several numbers into each other^ 
does not vary, in whatever order these multiplications may be 
performed ; this truth, though almost always considered as self- 
evidenty needs to be proved. 

We shdl begin with showing, that to multijdy one number by 
the product of two others, is the same thing as to multiply it at 
first by one of them, and then to multiply that product by tlie 
other. For instance, instead of multiplying S by SS, the pro- 
duct of 7 and 5, it will be the same thing if we multiply S by 5, 
and then that product by 7. The proposition will be evident^ i( 
instead of S, we take an unit ; for 1, multiplied by 5, gives 5, 
and the product of 5 by 7 is 35, as well as the product of 1 by 
35 ; but 3, or any other number, being only an assemblage ni 
several units, the same property will belong to it, as to each of 
the units of which it consists ; that is, the product of 3 by 5 and 
by 7, obtained in eithe^r way, being the triple of the result 
given by unity, when multiplied by 5 and 7, must necessarily be 
the same. It may be proved in the same manner, that were it 
required to multiply 3 by the product of 5, 7, and 9» it would 
consist in multiplying 3 by 5, then this product by 7f and die 
result by 9$ and so on, whatever might be the number of factors. 
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To represent in a shorter manner several suceesslre multipli- 
cations, as of the numbers S, 5, and 7, into each other, we shall 
write S by 5 by 7. 

This being laid down, in the product 3 by 5, the order of the 
factors, 3 and 5 (27), may be changed, and the same product ob- 
tained. Hence it directly follows, that 5 by 3 by 7 is the same 
as 3 by 5 by 7. 

The order of the factors 3 and 7, in the product 5 by 3 by 7, 
may also be changed, because this product is equivalent to 5, 
multiplied by the product of the numbers 3 and 7 ; thus we have 
in the expression 5 by 7 by 3, the same product as the preceding. 

By bringing together the three arrangements, 

3 by 5 by 7 
5 by 3 by 7 
5 by 7 by 3, 
we see that the factor 3 is found successively, the first, the second, 
and the third, and that the same may take place with respect 
to either of the others. From this example, in which tiie par- 
ticular value of each number has not been considered, it must 
be evident, that a product of three factors does not vary, what- 
ever may be the order in which they are multiplied. 

H the question were concerning the product of four factors, 
such as 3 by 5 by 7 by 9, we might, according to what has been 
said^ arrange, as we pleased, the three first or the three last, and 
thus make any one of the factors pass through all the places. 
Considering then one of the new arrangements^ for instance this, 
5 by 7 by 3 by 9, we might invert the order of the two last fac- 
torSf which would give 5 by 7 by 9 by 3, and would put 3 in the 
last place. This reasoning may be extended without difficulty 
to any number of factors whatever. 



DECIMAL FRACTIONS. 



83. AxTHOUOH we can, by the preceding rules, apply to frac- 
tions, in all cases, the four fundamental operations of arithmetic, 
yet it must have been long since perceived, that, if the different 
snbdivisions of a unit, employed for measuring quantities small- 
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er than this nnlt, had been subjected to a common law of de* 
crease, the calculus of fractions would have been much moTB 
convenient, on account of the facility with which we might 
c«>nvert one into another. By making this law of decrease con- 
form to the basis of our system of numerationt we have given 
to the calculus tlie greatest degree of simplicity, of which it is 
capable, 

Yfe have seen in article 5, that each of the collections of units 
contained in a number, is composed of ten units of the preceding 
order, as tlie ten consists of simple units ; but there is nothing 
to prevent our regarding this simple unit, as. containing ten 
parts, of which eacli one shall be a tenth ; the tenth as containing 
'ten parts, of which each one shall be a hundredth of unity, the 
huixlredrli as containing ten parts, of which each one shall be a 
thousandth of unity, and so on. 

Frnceeding thus, we may form quantities as small as wd 
please, by means of which it will be possible to roeasnre any 
quantities, however minute. These fractions, which are calbd 
decimalSf because they are composed of parts of onity^ that 
become continually ten times smaller, as they depart flirther 
from unity, may be converted, one into the other^'in tlie same 
manner as tens, Imndreds, thousands, kjc. are converted into 
units ; thus, 

the unit being equivalent to 10 tenths, 
the tenth 10 hundredths^ 

the hundredth 10 thousandths, 

it follows, that the tenth is equivalent to 10 times 10 thousandths! 
or 100 thousandths. 

For instance, 2 tenths, 3 hundredths, and 4 thousandths will 
be equivalent to 234 thousandths, as £ hundreds, 3 tens, and 4 
units maicc 234 units ; and what is here said may be applied 
nniver^ally, since the subordination of the parts of unity is like 
that of the difierent orders of units. 

84* According to this remark, we can, by means of figures, 
write decimal fractions in the same manner as whole numbers^ 
since by the nature of our numeration, which makes the value of 
a figure, placed on the right of another, ten times smaller^ t€t0 
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naiiirattf take tbtir place on tlie rig^t of umiSf then larndttHhs 
on the right of tenths, and so on ; hut, that the figures express- 
ing deeamai parts may not he confounded with those expn^88ing 
whote units^ a commaf is placed on the right of units* To ex*> 
pntmf for instance, 34 units and 27 hundredths, we write 34,£r. 
■U there be no units, their phice is supplied by a cipher, and the 
same is done for all the decimal parts, which may be wanting 
'between those enunciated in the given number. 
Thus 19 hundredths are written 0,19, 

804 thousandths 0,304, 

3 thousandths 0,003« 

85. If the expressions for the above decimal fractions be com- 
pared with the following, ^^V* Timr* tttV?* drawn from the 
general manner of representing a traction, it will be seen, that 
io represent in an entire form a decimal fraction, written a$ a vtil* 
gar fraction^ the numerator of the fraction must he taken asit iif 
and placed after the comma m such a manner, that it may have as 
fMny figure^ as there are ciphers after the unit in the denaminatar. 
^ Reciprocally, to reduce a decimal fraction^ given in the form if 
-a whole mrniber, to that of a vulgar fraction, the figures t?uU U 
contains, nmst receive, for a denominatorf an unit followed iy as 
mawji ciphers,.as there are figures after the comma* 

Thus the fractions, 0,56, 0,036, are changed into y'/v ^^^ 



36 



86. An expression, in figures, rf numbers containing decimal 
parts, is read by enunciatingf first, the figures placed on the left of 
the point, then those on the right, adding to the last figure of the 
loiter the denominaiion of the parts, which it represents. 
The number 26,736 is read ^ and 736 thousandths ; 
the number 0,0673 is read 673 ten thousandths, 
and 0,0000673 is read 673 ten millionths. 



t In English books on mathematics, and in those that have been 
written in the United States, decimals are usually denoted by a 
point, thus 0*19 ; but the comma is on the whole in the most general 
use ; it is accordingly adopted in this and the subsequent treatises 
to be published at Cambridge. 
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sr. As decimal figures take (heir valae entirely from their 
positioii rdative to tlie comma, it is of no consequence whether 
we write or omit any number of ciphers on their right. For 
instance, 0,5 is the same as 0,50 ; and 0,784 is the same as 
0,7^00 ; fortfin the first instance, the number, which expresses 
Ae decimal fraction, becomes by the addition of a ten. times 
greater, but the parts become hundredths* and consequently 
on this account are ten times less than brfore ; in tiie second 
instance, the number, which expresses the fraction, becomes a 
hundred times g^reater than before, but the parts become hun- 
dred thousandths, and, consequently, are a hundred times smaller 
than before. This transformation, then, becomes the same as 
fhat which takes place with respect to a vulgar fraction, whra 
each of its terms is multiplied by the same number; and if the 
ciphers be suppressed, it is the same as dividing them by the 
same number. 

88. The addition of decimal fractions and numbers accompa- 
nying them, needs no other rule than that given for the whole num- 
bers, since the decimal parts are made up one from the other, 
ascending from right to left, in the same manner as whole units. 

For instance, let there be the numbers 0,56, 0,003, 0,958 ; 
disposing them as follows, 

0,56 

0,003 

0,958 

Sum 1,521 

we find, by the rule of article 12, that their sum is 1,521. 

Again, let there be the numbers 19,35, 0,3, 48»5, and 110,02, 
which contain also whole units, they will be disposed thus ; 

19,35 
0,3 
48,5 
110,02 



Sum 178,17 

and their sum will be 1 78, 1 7. 
In general, the addition of decimal namben is performed like 
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that of whole numbers, care being taken to place the comma in the 
9um, direcUy under the commas in the numbers to be added. 

Examples for practice. 

Add 4,003, 54,9, 3,21, 6,7203. JhiS. 68,8333. 

Add 409,903, 107,7842, 6,1043, 10,2074. Awl. 534,0889. 
Add 427, 603,04, 210,15, 3,364, ,021. Ms. 1243,575. 

89« The rules prescribed for the subtraction of whole num- 
bers apply also, as will be seen, to decimals. For instance, let 
0,3697 be taken from 0,62 ; it must first be observed^ that the 
second number, which contains only hundredths, while the 
other contains ten thousandths, can be converted into ten thou* 
sandths by placing two ciphers on its right (87), which changes 
it into 0,6200. 

The operation will then be arranged thus ; 

0,6200 
0,3697 



Difference 0,2503 
and, according to the rule of article 17^ the difference will be 

0,2503. 

Again, let 7,364 be taken from 9,1457 ; the operation being 
disposed thus ; 

9,1457 
7,3640 



Difference 1,7817 

the above difference is found. It would have been just as well if np 
cipher had been placed at the end of the number to be subtracted, 
provided its different figures had been placed under the corres- 
ponding orders of units or parts, in the upper line. 

In general, the subtraction of decimal numbers is performed like 
that of whde numbers, provided that the number of decimal Jigures, 
in the two given numbers, be made aUke, by writing on the right 
of that, which has the least, as many ciphers as are necessary ; and 
that the comma in the difference is put direcUy under those of the 
given numbers. 
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ExMmfks far prMctice, 

From S6Af567 take 15B,6S2. JhM. 145,935. 

From 215,003 take 1,1034. Jiiis. 213,8996. 

From 1 take ,9993. Ms. 0,0007. 

From 68,8j^5 take ,00042. Jins. 68,83288. 

The methoK of proving addition and subtraction of decimals 
are tlie same as those for the addition and subtraction of whole 
numbers. 

90. As the comma separates the collectioas of entire units 
from the decimal parts, by altering its place, we necessarily 
change the value of the whole. By moving it towards the right; 
.figures, which are contained in the fractional part, are made to 
pass into that of whole numbers, and consequently the value of 
the given number is increased. On the contrary, by moving the 
comma towards the left, figures, which were contained in the part 
of whole numbers, are made to pass into that of fractions, and 
consequently the value of the given number is diminished. 

The first change makes the given number, ten, a hundn^, a 
thousand, &c. times greater than before, acconling as the comma 
is removed one, two, three, &c. placed towards the right, becanse 
for each place that the comma is thus removed, all the figures 
advance with respect to this comma one {dace towards the left, 
and consequently assume a value ten times greater than they had 
befoi*e. 

If, for example, in the number 134,28, the point be placed 
between the 2 and the 8, we shall have 1342,8, the hundreds 
will have become thousands, the tens hundreds, the units tens, 
the tenths units, and the hundredths tenths. Every part of the 
number having thus become ten times greater, the result is the 
same as if it had been multiplied by ten. 

The second change makes the given number ten, a hundred, a 
thousand, &c. times smaller than it was before, according as the 
comma is removed one, two, three, &c. places towards the left, 
because for each place that the comma is thus removed, all the 
figures recede, with respect to this comma, one place further to 
the right, and consequently have a value ten times less than 
they had before. 
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If, In the number 134,289 the point be placed between the 3 
and 4, we shall have 13,428 ; the hundreds will become tens, 
the tens units, the units tenths, the tenths hundredths, and 
the hundredths thousandths ; every part of the number having 
thus become ten times smaller, the result is the same as if a 
tenth part of it had been taken, or as if it had beeirdivided by ten. 

91 • From what has been said, it will be easy to perceive the 
advantage, which decimal fractions have over yulgar fractions ^ 
all the niulliplications and divisions, which are performed by 
the denominator of the latter, are performed with respect to the 
former, by the addition or suppression of a number of ciphers, or 
by simply changing the place of the comma. By adapting these 
modifications to the theory of vulgar fractions, we thence imme-' 
diately deduce that of decimals, and the manner of performing 
the multiplication and division of them ; but we can also arrive 
at this theory directly by the following considerations. 

Liet us first suppose only the multiplicand to have decimal 
figures. If the comma be taken away, it will become ten, a 
hundred, a thousand, &c. times greater, according to the num- 
ber of decimal figures ; and in this case the product given by 
multiplication will be a like ' number of times greater than the 
one required ; the latter will th6n be obtained by dividing the 
former by ten, a hundred, a thousand, &c. which may be done 
by separating on the right(90) as many decimal figures, as there 
are in the multiplicand. 

If. for instance, 34,137 were to be multiplied by 9, we must 
first find the product of 34137 by 9, which will be 307233 ; and, 
since taking away the commJEi renders the multiplicand a thou- 
sand times greater, we must divide this product by a thousand, 
or separate by a comma its three last figures on the right ; we 
shall thus have 307,233. 

In general, to mvltiplyf by a tvhdle number^ a number accompor 
med by decimatSf the comma must be taken away from the multi- 
plicandf and as many figures separated for decimals, on the right 
of the product f as are contained in tJie mvUi^icand. 

Jrtth. 8 
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MxampUi for pradiee. 

Multiply 23M15 by 8. ' Ms. 1851,320. 

Multiply 32,1509 by 15. Jins. 482,2635* 

Multiply 0,840 by 840. Ms, 705,600. 

M;ultiply 1,236 by 13. Ans. 16,068. 

92. When the multiplier contains decimal figures, by sup- 
pressing the comma, it is made ten, a hundred, a thousand^ &c. 
times greater according to the number of decimal figures. If 
used in this state, it will evidently give a product, ten, a hun- 
dred, a thousand, &c. times greater than that which is required^ 
and consequently the true product will be obtained by dividing 
«by one of these numbers, that is, by separating, on the right of 
it, as many decimal figures as there are in the multiplier, or by 
removing the comma a like number of places towards the left(90)^ 
in case it previously existed in the product on account of de- 
cimals in the multiplicand. For instance, let 172,84 be mul- 
tiplied by 36,003 ; taking away the comma in the multiplier only, 
we shall have, according to the preceding article, the pro^oct 
6322758,52 ; but, the multiplier being rendered a thousand times 
too great, we must divide this product by a thousand^ or remove 
the comma three places towards the left, and the required pro- 
duct will then be 6222,75852, in which there must necessarily be 
as many decimal figures as there are in both multiplicand and 
multiplier. • 

In general, to multiply one by the other^two numbers aeeompa^ 
nUd by dedmalSf the comma must be taken away from bolh, and as 
nuiuy figures separated for decimals^ on the right o the product, 
as there are in both the factors. 

In some cases it is necessary to put one or more ciphers on the 
left of the product, to give the niimber of decimal figures requir- 
ed by the above rule. If, for example, 0,624 be multiplied by 
0,003 ; in forming at first the product of 6x!4 by 3, we shall have 
tlie number 1872, containing but 4 figures, and as 6 figures must 
be separated for decimals, it cannot be done except by placing 
on the left three ciphers, one of which must occupy the ^aoe of 
units, which will make 0,001872. 
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Examples for pracHec 

Multiply 223,86 by 2,500. Ms. 559,65000. 

Mnltiply 35,640 by 26,18. Aiis. 933,05520. 

Multiply 8^4Q60 by 2,618. Ms. 22,2425280. 

Multiply 0,5236 by 0,2808. Ms. 0,14702688. 

Multiply 0,11785 by 0,27. ^ns. 0,0318195. 

93. It is evident (36), that the quotient of two numbers does 
not depend on the absoiute magnitude of their units, provided 
that this be the same in each ; if then, it be required to divide 
451^49 by 13, we should observe that the former amounts to 
45149 hundredths, and the latter to 1300 hundredths, and that 
these last numbers ought to give the same quotient, as if they 
expressed units. We shall thus be led to suppress the point in 
the first number, and to put two ciphers at the end of the second^ 
and then we shall only have to divide 45149 by 1300, the quo- 
tient of which division will be 34 ^VVV* 

Hence we conclude, that, to divide^ by a whde number^ a num^ 
her accompanied by decimalJigureSf the comma in the dividend must 
be taken away 9 and as many ciphers placed at the end of the divisor, 
a$ the dividend contains decimal figures, and no alteration in the 
quotient wiU be necessary • 

94. When both dividend and divisor are accompanied by deci- 
mal figures, we must, before taking away the comma, reduce 
them to decimals of the same order, by placing at the end of that 
number, which has the fewest decimal figures, as many ciphers 
as will make it terminate at the same place of decimals as the 
other, because then the suppr^sion of the comma renders both 
the same numb^ of times greater. 

For instance, let 315,432 be divided by 23,4, this last must be 
changed into 23,400, and then 315432 must be divided by 23400 ; 
the quotient will be 1 3^^||^. 

^ Thus, to divide one by the other, two numbers accompanied by 
decimal figures, the number of decimal figures in the divisor and 
JBroidend must be made equal, by annexing to the one, that has the 
kust, as many ciphers as are necessary ; the point mtistthen be sup- 
pressed in eachf and the quotient wiU require ne alteration. 

95. As we have recourse to decimals only to avoid the neces- 
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sity of employing vulgar fractions, it is natural to make use of 
decimals for approximating quotients that cannot be obtained 
exactly) which is done by converting the remainder into tenths, 
hundredths, thousandth, &c. so that it may contain the divisor; 
as may been in the following example ; 



45149 


1300 


S900 


34,7 S 


6149 




5200 


949 


9490 


9100 





Remainder 
tenths 



hundredths 3900 

3900 

When we come to the remainder 949, we annex a cipher in 
order to multiply it by ten, or to convert it into tenths ; thus 
forming a new partial dividend, which contains 94i^0 tenths and 
gives for a quotient 7 tenths, which we put on the right of the 
imits, after a comma. There still remains 390 tenths, which 
we reduce to hundi'edths by the addition of another cipher, and 
form a second dividend, which contains 3900 hundredths, and 
gives a quotient, 3 hundredths, which we place after the tenths. 
Here the operation terminates, and we have for the exact result 
34,73 hundredths. If a third remainder had been left, we might 
have continued the operation, by converting this remainder into 
thousandths, and so on, in the same manner, until we came to an 
exact quotient, or to a i*emainder composed of parts so small, 
that we might have considered them of no importance. 

It is evident, that we must always put a comma, as in the 
above example, after the whole units in the quotient, to distin- 
guish them from the decimal figures, the number of which must 
be equal to that of the ciphers successively written after ' the 
remainders^. 

* The problem above performed with respect to decimals) is only 
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Divide 6345.DS5 

Divide 5673,21 

Divide 84329907 

Divide 27845,96 

Divide 200,5 

Divide 10,0 

Divide 513,2 



Examples far practice, 

bj 54,23. JtttS. 117,018 &C 



by 23,0. 
by 627,1. 
by 9,8732. 
by 231. 
by 563,0. 
by 0,057. 
by 957. 



Jius. 246,660 &c. 
JSns. 134476^01 &c. 
j9y». 2820,3581 &C. 
^ns. 0,0867 &c. 
^ns. 0,00177 &c. 
Jtns. 9003,50 &c. 
dns. 0,00758 
Jtns. 0,00150 &c. 
Jins. 0,038356 &c. 



Divide 7,25406 

Divide 0,00078759 by 0,525, 

Divide 14 by 365. 

96. The numerator of a fraction, being converted into decimal 
parts, can be divided by the denominator as in the preceding 
examples, and by this means the fraction will be converted into 
decimals. Let the fraction^ for example^ be ^, the operation is 
performed thus ; 



1_ 

10 
8 



8 



0,12i 



20 
16 

40 
40 



4 

TTT 9 



Again, let the fraction be y|y ; the numerator must be con- 
verted into thousandths before the division can begin. 



a particular case of the foliowing more general one ; To find the 
value of the quotient of a division j in fractions of a given denominO" 
iion s to do this we convert the dividend into a fraction of the same 
denomination by multiplying it by the given denominator. Thus, in 
order to find in fifteenths the value of the quotient of 7 by 3, we 
should multiply 7 by 15, and divide the product, 105, by 3, which 
gives thirty-five fifteenths, or || for the quotient required. 



6t JtriikmeHem 

797 



4000 
S985 



0^005018 &C. 



1500 
797 



7030 
6376 

654 



Examplis for practice. 

Beduce | to a decimal fraction* «Anj. 0,75 

Reduce | ^ ^ decimal fraction. Am. 0,5. 

Beduce ^^ to a decimal fraction* Am. 0,0714085 hau 

Beduce.,.|Yto a decimal fraction. Am. 0,05. 

Beduce | to a decimal fraction. Am. 0,338 &c. 

97. However far we may continue the second divmion, exhib* 
ited above, we shall never obtain an exact quotient, because thft 
fraction yfy cannot, like •^, be eiuictly expressed by decimals. 

The difference in the two cases arises from this, that the de» 
nominator of a fraction, which does not divide its numerator, 
cannot give an exact quotient, except it will divide one of the 
numbers 10, 100, 1000, &c. by which its numerator is suc- 
cessively multiplied, because it is a principle, which will be 
found demonstrated in Algebra, that no number will divide a 
product except its factors will divide tho^e of the product ; now 
the numbers 10, 100, 1000, &c. being all formed from 10, the 
factors of which are 2 and 5^ they catmot be divided except by 

* It may also be proposed to convert a given fraction into a frac* 
tion of another demimination, but smaller than the first, for instance^ 
^ into seventeenths, which will be done by multiplying 3 by 17 and 
dividing the product by 4. In this manner we find ^-^ seventeenths^ 
or 4f and | of a seventeenth ; bat | of ^ is equivalent to ^. The 
result then, ^, is equal to |, wanting ^. 

This operation and that of the preceding note depend on the same 
principle, as the corresponding operation for decimd fractions. 
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numbers formed from these same factors; 8 is among tbese^ 
being the product of 2 by S by d. 

Fractions, the value of which cannot be exactly found by de- 
cimals, present in their approximate expression, when it has 
been carried sufficiently far, a character which serves to denote 
them ; this is the periodical return of the same figures. 

If we convert the fraction ^^ into decimals, we shall find it 
0,SS4d24 •••.., and the figures 3, S, 4, will always return in 
the same order, without the operation ever coming to an end. 

Indeed, as there can be no remainder in these successive 
divisions except one of the series of whole numbers, 1, 2, 3, &c. 
up to the divisor, it necessarily happens, that, when the number 
of divisions exceeds that of this series, we must fall again upon 
some one of the preceding remainders, and consequently the 
partial dividends will return in the same order. In the above 
example three divisions are sufficient to cause the return of the 
same figures ; but six are necessary for the fraction 4-9 because 
in this case we find, for remainders, the six numbers which are 
below 7, and the result is 0,1428571 • • • The fraction | leads 
only to 0,3333 • « . . . 

98. The fractions, which have for a denominator any number 
•f 9s, have no significant figure in their periods except 1 ; 

I gives 0,11111 ... 



J 0,010101 



^fy 0,001001001 



and so with the others, because each partial division of the num- 
bers 10, 100, 1000, &c. always leaves unity for the remainder. 

Availing ourselves of this remark, we pass easily from a 
periodical decimal, to the vulgar fraction from which it is deriv- 
ed. We see, for example, that 0,33333 amounts to the 

same as 0,llllt . • • • • multiplied by 3, and as this last decimal 
is the development of ^, or \ reduced to a decimal, we conclude, 
that the former is the development of ^ multiplied by 3, or j-, or 
lastly, !• 

When the period of the fraction under consideration consists 
of two figures, we compare it with the development ot-^j, and with 
that of 7^, when the period contains three figures, and so on. 
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If we had 9 for example, 0,324324, it is plain that this fraction 
may be formed by multiplying 0,001001 • • • • • by 324 ; if we 
multiply then y^^, of whi( h 0,001001 is the development, by 324, 
we obtain |f^, and dividing each term of this result by 27, we 
come back again to the fraction |^. 

In general, the vulgar fracHon^ from which a decimal fmction 
ariseSf is formed by writings as a denaminatorp under the nunUferp 
wlUch expresses one period, as many 9^ as there arefgures in iht 
period. 

If the period of the fraction does not commence with the 
first decimal figure, we can for a moment change tlie place of 
the point, and put it immediately before the first figure of the 
period and beginning with this figure, find the value of the 
fraction, as if those figures on the left were units ; nothiiig then 
will be necessary except to divide the result by 10, 100, 1000, 
&c. according to the number'of places the point was moved to- 
wards the right* 

For instance, the fraction 0,324141, is first to be written 
32,4141 ; the part 0,4141 being equivalent to H, we shall have 
32|"|>, which is to be divided by 100, because the point was 
moved two places towards the left ; it will consequently become 
■^-^j^ and 77779 or by reducing the two parts to the same denemi" 
nator, and adding them, 7777 » a fraction which will reproduce 
the given expression. 

Examples for practice.* 

Reduce 0,18 to the form of a vulgar fraction. Ans. ^V 

Reduce 0,72 to the form of a vulgar fraction. Ans. -/j • 

Reduce 0,83 to the form of a vulgar fraction. Ans. f. 

Reduce 0,2418 to the form of a vulgar fraction. Ans. i^j* 
Reduce 0,275463 to the form of a vulgar fraction. 

Reduce 0,916 to the form of a vulgar fraction. Ans. ||. 

* In these examples, the better to distinguish the period, a point tf 
placed over it, if it be a single figure, and over the first and lift 
figure, if it consist of more than one. 






To form a correct idea of the nature of these fractions it is 
SHflSicleqt to consider the fraction 09999. In trying to discover its 
ori^nal value we find that it answers to 9 divided by 9f that is^ 
to unity ; nevertheless^ at whatever number of figures we istop in 
ite expression^ it will never make an unit. If we stop at the 
first figure» it wants ^^^ of an unit ; if at the second, it wants 

<j|^ ; if at the third, it wants yyVt' ^^^ ^^ ^" l ^^ ^^^^ ^^ 
can arrive as near to unity as we pleasef but can never reiach it. 
Unity then in this case is nothing but a limiU to which 0,999 
• ••••• continually approaches the nearer the more figures it 

iias. 

99. The preceding part of this work contains all the rules 
absolutely essential to the arithmetic of abstract numbers, but 
to apply them to the uses of society i^ is necessary to know the 
diflTerent kinds of units, which are used to compare together^ 
or ascertain the value of quantities, under whatever form they 
may present themselves. These units, which are the measures 
in use, have varied with tinties and places, and their connexion 
has been formed only by degrees, accordingly as necessity and 
the progress of the arts and sciences have required greater 
exactness in the valuation of substances^ and the construction of 
instruments. 

TABJLES 01P €0|Nr» WEIGHT, AND MEASmBB* 

Denominations of Federal money, as determined by an act of 
Congress, Aug. 8, 1786f. 



10 mills make one cent c. 

10 cents one dime d. 

10 dimes one dollar 8* 

10 dollars one eagle E. 

t The coins of federal money are two of gold, four of silver, 
md two of copper. The gold coins are an eagU and half^eagle i 
he silver, a dMatj half'^oUarj double dime^ and dime ; and the cop- 
per a cent and half<ent» The standard for gold and silver is eleven 
larts fine and one part alloy* The weight of fine gold in the eagle is 
^6,208 grains ; of fine silver in the dollar^ 375,64 grains ; of copper 
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66 ^^ Jbiihmetk. 

English Money, 



4 farthings make 1 pennj 
12 pence 1 shilling 

^0 shillings 1 pound 



£ denotes poandiL 

8 shillings* 

d pence. 

q quarters or farthings. 



TKOT WEIGHT. 

24 grains make 1 penny-weighty marked grs* dwt 
20 dwt 1 ounce^ oz. 

12 oz. 1 pounds lb. 

By this weight are weighed jewels^ gold, silver, com, bread, 
and liquors. 

AFOTHECASIES' WEIGHT. 

20 grains make 1 scruple, marked gr. sc. 

3 sc. 1 dram, dr. or 3. 

8 dr. 1 ounce, oz. or J. 

12 oz. 1 pound, ft. 

Apothecaries use this weight in compounding their medicines} 



in 100 cents, 2^ lb. avoirdupois. The fine gold in the half-^a^e 18 
half the weight of that in the eagle ; the fine silyer in the half-dollar^ 
half the weight of that in the dollar, &c. The denominations less 
than a dollar are eipressiye of their values ; thus, mill is an abbrevia* 
tion of miUe^ a thousand, for 1000 mills are equal to 1 dollar ; eenit 
of centum^ a hundred, for 100 cents are equal to 1 dollar $ a dime is 
the French of tithej the tenth part, for 10 dimes are equal to 1 dolUur. 

The mint price of uncoined gold, 11 parts 'being fine and 1 part 
alloy, is 209 dollars, 7 dimes, and 7 cents per lb. Troj weight $ and 
the mint price of uncoined silver, 11 parts being fine and 1 part 
alloj, is 9 dollars, 9 dimes, and 2 cents per lb. Troy. 

In practical treatises on arithmetic, may be found rules for reduciAg 
the Federal Coin, the currencies of the several United Stetes, and 
{hose of foreign countries, each to the par of all the others. It may 
be sufficient here to observe respecting the currencies of the sevenl 
states, that a dollar is considered as 60. in New-England and Yir- 
ginia ; 8«. in New-York and North Carolina 5 7s. 6d. in New-Jersey, 
Pennsylvania, Delaware, and Maryland ; and 4s. 8d. in South Caro- 
lina and Georgia ; the denomination of shilling varying ito Talue ac- 
cordingly. 
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but they buy and sell their drugs by Avoirdupois weight. Apcfth- 
ecaries^ is the same as Troy weight, having only some different 
divisions. 

AT0tBD1J]>0IS WSIGHT. 

16 drams make 1 ounce, marked dr. oz/ 

16 ounces I pound, lb. 

£8 ib* 1 quarter, qr. 

4 quarters 1 hundred weight, c wt 

£0 cwt. 1 ton, T. 

By this weight are weighed all things of a coarse or drossy 
nature ; such a butter, cheese, flesh, grocery wares, and all 
metals, except gold and silver. 

DST MEASITBE. 

Marked Marked 

2 pints make 1 quart, pts. qts. I 8 bushels 1 quarter, qr« 



£ quarts 1 pottle, pot. 

S pottles 1 gallon, gal. 

£ gallons 1 *peck, pe. 

4 pecks 1 bushel, bu. 

£ bushels 1 strike, str. 



5 quarters 1 wey or load, wey. 
4 bushels 1 coom or carnock^ co. 
£ cooms a seam or quarter. 

6 seams 1 wey. 

1| weys 1 last, L. 



The diameter of a Winchester bushel is 18| inches, and its 
d^th 8 inches.— -And one gallon by dry measure contains £68| 
cubic inches. 

By this measure, salty lead, ore, oysters, corn, and other diy 
goods are measured. 

AJJB AND BEEB HEASUHE. 

Marked Marked 



£ pints make 1 quart, pts. qts. 
4 quarts 1 gallon, gal. 

8 gallons 1 firkin of Ale, fir. 

9 gallons 1 firkin of Beer, fir. 



£ firkins 1 kilderkin, kil. 

£ kilderkins 1 barrel, bar. 

S kilderkins 1 hogshead, hhd. 

3 barrels 1 butt, butt. 



■ * 

The ale gallon contains £8£ cubic inches. In London the ale 
firkin contains 8 gallons, and the beer firkin 9 ; other measures 
being in the same proportion. 



OS 
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2 pints make 1 quart, pta. qts. 

4 quarts 1 f^IIon, gaL 
42 js^allons 1 tierce, tier. 
63 gallons 1 hogshead, hhd. 
84 gallons 1 puncheon, pun. 



S hogsheads 1 ^peor 
butt, 

S pipes 1 tun, 

18 gaUons 1 runlet^ 
Sl| gallons 1 barvtd. 



orh. 

run. 
bar. 



By this me asare, brandy, spirits^ perry, cid^r, ttieid. Tine gar# 
and oil are measured. 

231 cubic inches make a galhm, and 10 gallona make an an- 
chor. 

CXOTH BIEASIISE. 
Ifirked 

S| inches make 1 nail, nls. 
4 nails 1 quarter^ qrs. 

4 quarters 1 yard, yds. 



5 qrs. 1 ell Flemisb^ Ell f1^ 

5 qrs. I eU English, Ell Eng. 

6 qrs. i ell French^ £11 Fr. 



XONO IfEASVBS. 



d barley corns make 1 

inch^ 
IS inches 



Mnked 



5 feet 

6 feet 

5| yards 
40 poles 

8 furlongs 
3 miles 



1 foot» 
1 yardf 
1 fikthom, 
1 pole, 
1 furlong, 
1 mile, 
1 league^ 



bar. c. in. 
ft 



fath 
pol 
fur. 
mis 
1. 



60 geographical Iniles, or 
6v| statute miles 1 degUdO 

neariy, deg. nr \ 

360 degrees the circumfior- 

ence of the earth. 
Msof 4 inches make 1 kand. 

5 feet 1 geometrical iqpace. 

6 points 1 fine. 
12 lines 1 inch. 



TIMB. 



60 seconds make 1 minute. 



60 minutes 
S4 hours 
7 days 



1 hourf 
1 day, 
1 week. 



4 weeks 1 monflit 
8. or" m. or 'lis months, 1 day, and 6 

hours, iJT 
365 days and 6 hourSy 1 
Julian year> 



h»or** 
d. 
w. 



m. 



T. 



100. It is evident, that if the several denominaticms of OMiiieyy 
weight and measure proceeded in a decimal ratio, the ftinda- 
mental operations might be performed upon these^ as upoB 
abstract numbers. This may be shown by a few *^«:^mpli!ifl sa 
Federal Money. If it were required to find the siun of , JM^ 



6t 



and t^SSfiTU W6 flhodd place die nmabeni of the ftame denoni* 
iuatioD in the same columBf and add them together as in whob 
Aumbera; thnsf 

4685 . 

and the answer may be read off in dither or all the denondna- 
tiotm ; we may siiy SO eagles 5 dollars 22 cents 1 milU or 
303 dollars 221 thonsandthsf or 30322 cents and 1 tenth, oir 
303221 millH. It is osual to consider the dollars as whole num- 
hei-s, and the following denominations as decimals. The opera* 
tion then becomes the same as for decimals. 



Add S34,12S 

1,178 

78,001 

6U789 



^k> 



■MM* "> 



flaia 8175,091 



]^m 8542,76 
Sabtract 239f481 



Rem. 



303,271$ 



Examftesn 



Add 



8456,78 
49,83 
0,22 
7854,394 



Sum 88361,224 



From 8527,839 
Subtract 22,94 



Bem. 



504,899 



Multiply 86,347 by 84,532. 
Divide 828,764604 by 84,532. 
DiVtre 8^ by 82000. 



Ans. 828,764604. 
Ms. 86,347. 
Ms. 80,01. 



REDUCTION. 

101. yf^BOSif this diflbl^ilit denominations do not proceed in a 
#Mdllial Httiio^ filiey may all b^ ttdueei to one denomination, and 
likMl the ftiadtoental operations may be performed upon this, as 
tqpM WJk idfotiraibt dumber. If, for example, the sum to be oper« 
liefl %fMk %tny j^ 156. 9d. this lAi^/easily be expressed in 



ro 



^rithfMtie» 



pence* As 1 pound is 20 shillings^ 4 pounds Will be 4 tiiMS SO, 
or 80 shillings. If to this we add the 15s. we shall have 958. 9d. 
equivalent to the above. But as 1 shilling is equal to IS pence^ 
958. will be equal to 95 times 12 or 1140 pence. Adding 9 to 
this^ we shall have 1149 pence as an equivalent expression for 
£4 15s. 9d. We may now make use of this number as if it had 
no relation to money or any thing else ; and tlie result obtainied 
may be converted again into the different denominations by re- 
.versing the process above pursued. If it were proposed to mul- 
tiply this sum by another number, ST for instance, we should 
find the product of these two numbers in the usual way > thus^ 

1149 
37 



8043 
3447 

42513 

42513 is, therefore, equal to 37 times £^ 15s. 9d. expressed in 
pence ; to find the number of pounds and shillings contained in 
this, we first obtain the number of shillings by dividing it by Uf 
which gives 3542, and then the number of pounds by dividing 
this last by 20 ; thus, 

354,2 
15 
14 
2 



42513 


12 


65 
51 


3542 


33 




9 




« 





20 



177 



42513 pence then is equal to 3542 shillings and 9 pence, or tb 177 
pounds 2 shillings and 9 pence. Whenoe 37 times £4 15s. 9d. is 
equal to £177 2s. 9d. 

It may be remarked, that shillings are converttd into pounds hf 
separating the right hand figure and dividing those on the left by 2, 
prefixing the remainder, if there be one, to the figure separated 
for the entire shillings, that remain. This amounts to dividing, 
first, by 10 (90), and then that quotient by 2. If 10 shillings 
made a pound, dividing by 10. would give the number of pounds, 
but as 10 shillings ^re only half a pound, half this number will 
be the number of pounds. 
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By a method similar to that above gtven^ we reduce other de- 
nominations of money and the different denominations of the 
several weights and measures to the lowest respectively. If it 
were required to find how many grains there are in 2lb. 4oz« 
17dwt» 9grs. Troy^ we should proceed thus^ 



lb. 

2 
12 


oz. 

4 


dwt. 
If 


b 


24 
4 




* 


• 


28 
20 








560 
If 




577 

24 








2308 
1154 


• 






13848 
5 





Ans. 13853 
By dividing 13853 by 24, and the quotient thence arising by 
20, and this second quotient by 12, we shall evidently obtain the 
number of pounds, ounces, pennyweights and grains in 13853 
graiQs. The operation may be seen below* 

13853 1 24 



120 



577 I 20 



185 40 I 

168 28 I 12 

17f 24 I 

173 ' 160 2 

168 -^— 4 

-— 17 
5 

lb. oZi dwt.' 0r. 

Result 2 4 ir 5 



Tliese ezanples wiD be sufficient to establish the fbllowliif 
general rules^ namely ; 

To reduce a compound fmwber to the Umegt denaminafion eon- 

iained in if, muUiphf the highest hy so many as one of this dcnami* 

nation makes of the next lower, and to the prodpct add the num* 

her belonging to the nextlower; proceed with each succeeding de^ 

nomination in a similar manner f and the last sum will be ihe mm' 

ber required. 

To reduce a number from a lower denomination to a highei^ 

dtdde by so many as it takes of this lower denomination to make 

one of (he highetf and the quotient wUl be the number of the higher; 

which may be Jurther reduced in the same manner if there are Ml 

higher denominaUonSf and the last quotient together wiOi the seoerd 

remainders will be equivalent to the number to be reduced. 

Examples for practice^ J 

In 59lb. ISdwt. 5gr. how many g^ins ? •fits. d40157» 

In 8012131 grains how many pounds^ &c.2 

An». 1390 A. lloz. ISdwt. ]9gr» 
In 121L Os. 9|d. how many half pence ? Ane. 58099. 

In 58099 halfpence how many pounds &c. ? .Ins. 1211. Os. 9][d» 

In 48 guineas at 28s. each how many A\ pence I 

AnA. 3584. 
In one year of 365d. 5lu 48' 48'' how many seconds \ 

Ms. 31556928. . 

102. When we have occadon to make use of a number consist* 
ing of several denominations as an abstract number^ instead tf 
reducing the several parts to the lowest denomination contain* 
«d in it, we may reduce all the lower denominations to a frac- 
tion of the highest. Taking the sum before used, namely, 4L 
i5s. 9d. we reduce the lower denominations to the higher, as 
in the last article by division. The number of pence 9, or f , is di- 
vided by 12, by multiplying the denominatpr by this number (54), 
we have thus, -f^s. which being added to 15s. or ^Vs, the whole 
number being reduced to the form of a fraction of the same 
denominator, we have ^^^ and -^^ which bdng added, make 
\y • This is further reduced to pounds by dividiog it by 20, 
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that isy by multiplying the denominator by 26 (54), which 
gives J4». Wlience £4 158. 9d. is equal to je4||», or £Vot . 
This may now be used like any other fraction^ and the value of 
the result found in the diflTerent denominations. If we multiply it 
by S7, we shall have ie*||J», or ieirr^V^r * and £ ,Vy, reduced 
to shillings by multiplying the numerator by 20, qr dividuig the 
denominator ly this number, gives 4is* or ^%s. or 2s. 9d. 

From the above example we may deduce the following general 
rules, namely. 

To reduce the several parts of a compound number to a fraction 
qfihe highest denomination contained in it9make the lowest term 
the numerator of a fraetionf having for its denominator the number 
whichU takes of Ms denomination to make one of the next higher, 
and add to this the next term reduced to a fraction of the same 
denominationt then mvUiply the denominator of this sum by so many 
as make one of the next denomination, and so on through all the 
terms, and the last sum iviU he the fraction required^. 

Tofindihevalueqf a fraction of ahigherdenonUnationintermsqf 
a lower, multiply the numerator tf the fraction by so many as make 
one of the lower denomination, and divide the product by the denom^^ 
inator, and the quotient will be the entire number of this denomi- 
Motioni the fractional part of which may be stiU further reduced in 
the same manner. 

To reduce 2w. Id. 6h. to the fraction of a month. 

6h. is -fj of a day, and being added to one day, or ^iL gives 
1^. the denominator of which being multiplied by 7, it becomes 
.^w. and being added to 2 weeks or twice ^Hw. gives Ifl^* 
If we now multiply the denominator of this by 4, we shall 
have 1^ of a month, as an equivalent expression for 2w. Id. 6h. 

To find the value of f of a mile in furlongs, poles, &c. 



t It will often be found more eonvenient to reduce the several 
parts of the compound number to the lowest denomination, as by the 
preceding article for a numerator, and to take for the denominator 
so many of this denomination as it takes to make one of that, to 
which the expression is to be reduced 3 thus 41. 158. 9d« being 11494*. 
is equal to ^^L because Id. is ,^ 

01 



74 



5 
8 

40 

35 

6 
40 

200 
14 



7 

28 



60 
56 

4 
2S 

Si 



7 



JIns. Star. 28pls. S|yds, 

Bedace 138. 6d« Sq« to the fraction of a pound. 

Ans. £{li, or £||« 

Reduce 6fur. 26pls« 3yds. 2ft. to the fraction of a mile. 

Ans. ^i%9 or |. 

Reduce Toz. 4pwt. to the fraction of a pounds Troy. Ms. !• 
What part of a mile is 6fur. IGpIs. ? Ms. ^ 

What part of a hogshead is 9 gallons ? Ms^ ^ 

What part of a day is -^ of a month ? Ms. f ^ 

What part of a penny is ^ of a pound ? Ms. Y* 

What part of a cwt. is | of a pounds Avoirdupois 2 Ms* ^ff • 
What part of a pound is | of a farthing ? Ms. iVts* 

What is the value of | of a pounds Troy ? Ms. 7oau 4dwt 
What is the value of | of a pounds Avoirdupois ? 

Ms. 9oz. 2^. 
What is the value of | of a cwt. 7 Ms. Sqrs. 3lb« lo2. 12|dr. 
What is the value of ^^ of a mile ? 

•^s. Ifur. IGpls. 2yd8. Ift. 9^ in. 
What is the value of ^ of day 7 Ms. 12h. 55' fiS^",, 



The sevvtral pariB of a compoond number may also be re- 
duced to the form of a decimal fraction of the highest denomi- 
nation contained in itf by first finding the value of the exprea- 
aion in a vulgar fractioUf as in the last article^ and then reducing 
this to a decimal, or more conveniently by changing the terms 
to be reduced into decimals parted and dividing the numerator 
instead of multiplying the denominator by the numbers succes- 
sively employed in raising them to the required denomination. 

If we take the sum already used, namely, £4 15s. 9d. the 
pence^ 9f may be written |^, or |^|< the numerator of which 
admits of being divided by IS without a remainder. It is thus 
reduced to shillings and becomes tVv^* ^^ 0,75s. which added to 
the 15s. makes 15,758. or reducing the 15 to the same denomi- 
nation, y^ , or Vt#7^ $ ^^ ^^'^ ^ reduced to pounds, by 
dividing it by 20, the result of which is tVVttV* ^^ 0.7d75« 
4L 15s. 9d. therefore may be expressed in one denominationt 
thus, 4,7875L and in this state it may be used like any other 
number consisting of an entire and fractional part. If it be 
multiplied by 57, we shall have for the product 177,1375^ Thiji 
decimal of a pound may be reduced to shillings and pence, by 
reversing the above process^ or by multiplying successively by 
m and then by ti^ 

0,1S75 
20 



g|7500 
12 



9,0000 

. The product tharefim pf 4L ISs. 9d. by 37 is 1772. 28. 9d« as 
before obtained. 

The operation, just explained, admits of a more convenient 
^ispositioUf aa in the following example. 
To reduce 19s. 3d, 3q. to the decimal of a poHn4< 



4 
12 
20 



3,00 
3,75000 
19,312500 



0,965625 



76 JtUhmeHc, 

Proceeding as before^ we reduce the fietrthiogSy' Sy considwed 
as 477q« to hundredths of a penny by dividing by the figdnc on thn 
leftf 4, and place the quotient^ 75^ as a decimid on the right of the 
pence ; we then take this sum, considered as mi* or t^^t^* ^^^ 
iSf annexing as many ciphers as may be necessary » and divide it by 
12, which brings it into decimals of a shilling. Lastly^ the shit* 
lings and parts of a shilling, 19,3125s. considered as VVVAnnr^ ^ 
are reduced to decimals of a pound by dividing by 20^ which 
gives the result above found. 

We may proceed in a similar manner with other denomina- 
tions of money and with those of the several weights and meas- 
ures. One example in these will suffice as an illustration of the 
method. 

To reduce 17pls. Ift. Gin. to the decimal of a mile^ 



12 


6 


16,5 


1,5 


320 


17»69 



0,00531531 &C. 

The decimal in this^ as in many other caseSf becomes period- 
ical (97). 

From what has been said, the following ndes are sufficiently 
evident. To reduce a number from a lower denomination to Uit 
decimal of a higher ^ we Jirst change it, or suppose it to be changed 
into a fraction, having 10, or some multiple of 10, for its denomtna- 
tor, and divide the numerator by so many as make one of this 
higher denomination, and the quotient is the required decimal^ which, 
together with the whole number of this denomination, may again be 
converted into a fraction, liaroing 10 or a multiple of 10 for its df- 
nominator, and thus by division be reduced to a stiU higher name, 
and so on. 

Also, to reduce a decimal of a higher denomination to a lower^ 
we multiply it by so many as one makes of this lower, and those 
figures which remain on the l^ of the comma, when the proper 
number is separated for decimals (91), u*iU consiUute the whde 
number of this denomination, the decimal part of which may be still 
frrther reduced, if there be lower denominations, by multiplying it 
by the number which one mak^ cf the next deitominattcm^ and so on. 
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It nay be ]proiier to add in this place^ that shiUin^i^ pence and 
Tarthings may readily be converted into the fraction of a poond, 
luid theYraction of a pound reduced to shillingSy pence and far- 
thingSf without having recourse to the above rules. As shillings 
are so many twentieths of a pounds by dividing any given num- 
ber of shillings by i, we convert them into decimals of a pounds 
thus» 15s. which may be written |^ or |^^. being divided 
by 2 give 75 hundredths^ or 0^75 of a pound. Also^ as farthings 
are so many 960ths of a pounds one pound being equal to 960 
farthings, the pence converted into farthings and united with 
those of this denomination, may be written as so many 960ths of 
a pound. If now we increase the numerator' and denominator 
one twenty fourth part, we shall convert the denominator into 
thousandths, and the numerator will become a decimal. 

1/V hence, to canroert shUlings, pence andjarthings, into the dedmal 
of a pound, divide the shiUings by 2, adding a cipher when neces- 
sary, and let the quotient occupy the first place, orjirst and second, 
if there be twof^res, and let the farthings, contained in the pence 
andfarthings, be considered as so many thomandths, increasing the 
nuinber by one, tDhen the number is nearer 24 than 0, and by 2, when 
it is nearer 48 than 24, and so on. 

Thus, to reduce 15s. 9d. to the decimal of a pound, we have, 

0,75 
37 

0,787 

This result, it will be remarked, is not exactly the same as that 
obtained by the other method ; the reason is, that we have increas- 
ed the number of farthings, S6, by only one, whereas, allowing 
one for every 24, we ought to have increased it one and a half. 
Adding, therefore, a half, or 5 units of the next lower order, we 
shall have 0,7875, as before. 

On the other hand, the decimal of a pound is converted into the 
lower denominations, or its value is found in shillings, pence and 
farOiings, by doubling the first figure for shillings, increasing it by 
one, when the second figure is 5, or more than 5, and considering 
what remains in the second and third places, as farthings, after 
having iintinished them one far every 24. 



In addition to tlie rules that have been girent if may be obsenr- 
ed, that in those caseSf where it is required 4o reduce a uuaiber 
from one denomination to another, when the two denominations 
are not commensurable or when one will not exactly divide the 
otiier, it will be found most convenient^ as a j^eneral rule* to re- 
duce the one, or both, when it is necessary, to parts so smallp that 
a certain number of the one will exactly make a unit of the 
other. If it were required, for instance, to reduce pounds to 
dollars, as a pound does not contain an exact number of dollars 
without a fraction, we first convert the pounds into shillings, and 
then, as a certain number of shillings make a dollar, by divid- 
ing the shillings by this number, we shall find the number nl 
dollars required. A similar method may be pursued in other 
cases of a like nature, as may be seen in the following examples* 

In 178 guineas at 28s. each, how many crowns at 6s. 8d. ? 



6s. 8d. 


178 
£8 


5980,8 
48 


80 


12 


747 


BOdr 


14S4 
356 






4984 
1£ 





59808 
Ms. 747 crowns and 4 shiilingsf^ 

In this case, I reduce both the guineas and the crown to penc^ 
and then divide the former result by the latter. In dividing by 80^ 
I first separate one figure on the right of the dividend for a deci^^ 
mal, which is the same as dividing it by 10, and then divldo the 
figures on the left, or the quotient, by 8 (47), joining vfaat io> 
mains as tens to the figures separated, to form the entiro remain^ 
der, which is reduced back to the original denomination. 

To reduce 1S7 five franc pieces to pounds, shillings, &c» the. 
franc being valued at 950,1796. 



t Questions of this kind may often be convenieotly performed by 
fractions ; thus, 178 guineas, or 49848. divided by 6e. 8d. or 6}8. or 
reducing the whole number to the form of a fraction, yg. becomes 
*V* multiplied by ^% (74), or *W-» w ^*|*'S which is equal U 
747|| ; and |4, or f of 68. 8d. is 3 times | of 80d. or 48d. or 48. 



0,1796 


7S,S156 

m 

• 

m 


20 


S' 


36,9078 
SO 


0^8980 

isr 


Jb\M 


18,1560 
1^ 


fisflfi 


X<v 


d694 
898 


1,87£0 
4 


123,026 
6 


dyl880 



79 



7d8,10« 

Jiw» 56{. 189. Id. S|q. nearly. 

Exarnples for practice^ 

Reduce 7s. 9Jd. to the deciftial of a pound. Ms* 0,390625. 

Reduce 3qrs. 2aa. to the decimal of a yard. Ans. 0,875. 

Find the value of 0,8525 IL in shillings, pence, &c. 

Jh^s. 17s. Od. 2|q. nearly. 

Reduce 241/. 18s. 9d. to federal money. Ans. $806^4583 &c. 

Find the value of 0,42857 cf a month. 

Ms. Iw. 4d. 23h. 59' 56". 

Required the circumference of the earth in English statute 
miles, a degree being estimated at* 57008 toisesf • 

Ans. 24855,488. 

We have given rules for reducing a compound number from 
one denomination to another, as we shall have firequent occasion 
in what follows for making these reductions. They are not> 
hoiwever, necessary, except in particular cases, previously to per- 
forming the fundamental operations. The several denomina- 
tions of a compound number may be regarded like the different 
orders of units in a simple one, that is, the number or numbers of 
each denomination may be made the subject of a distinct opera- 
tion, the result of which, being reduced when necessary, may be 
united to the next, and so on through all the denominations. 



t A toise or French fathom is equal to 6 French feet, and a French 
fMrt is equal to IZ^B9S English inches. 
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ADDITION OF COMPOUND NUMBERS. 

103. The addition of compoand numbers depends on the srhia 
principles as that of simple nambers, the object Jbeing simply 
to unite parts of the same denomination^ and when a num- 
ber of these are founds sufficient to form one^ or more than one 
of a higher^ these last are retained to be united to others of tlie 
same denomination in the given numbers ; as in simple addition 
the tens are carried from one column to the next column on the 
left We must, then, place (he compound numbers, that are to be 
added, in such a manner, that their units, or parts tf the sarm 
name, may stand under each other ; we must then find separeddf 
the sum tf each cdvmn, always recollecting how many parts if 
each denomination it takes tomakeone of the next higher. Seethe 
following example in pounds, shillings and penc^ 



£ 8. 


d. 


984 12 


8 


38* 6 


9 


1413 14 


10 


319 18 


2 



2756 12 5 

First, adding together the pence, because they are the parts of 
the least value, and taking together both the nnits and tens of 
this denomination, we find 29 ; but as 12 pence make a shil- 
ling, this sum amounts to 2 shillings and 5 pence; we then 
write down only the 5 pence, and retain the shillings in order to 
unite them to the column to which they belong. 

Next, we add separately the units and the tens of the next de- 
nomination ; the first give, by joining to them the 2 shillings re- 
served from the pence, 22 ; we write down only the two unite and 
retain the two tens for the next column, the sum of which, by this 
means, amounts to 5 tens, but as the pound, made up of 20 shil« 
lings, contains 2 tens, we obtain the number of pounds result- 
ing from the shillings, by dividing the tens of these last by 2 } 
the quotient is 2, and the remainder 1, which last is written 
under the column to which it belongs, while the pounds are re* 
served for the next column Qa the loft ; an this CQtnmH is the last 
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the opeFation is performed as in simple numbers^ and the whole 
sum is found to be 2756I. 12s. 5d. 

The method of proving the addition of compound numbers is 
derived from the same principles, as that for simple numbers, 
tod is performed in the same manner, care being taken in passing 
from one denomination to another, to substitute instead of the 
decimal ratio, the value of eacli part in the ientm of that, which 
follows it on the right. Let there be^ for example^ 

£ s. d. 



984 


12 


8 


38 


6 


9 


1413 


14 


10 


319 


18 


2 


2:56 


12 


9 



1122 22 
The operation on the pounds is performed according to the 
rule of article 19 ; then we change the two pounds into tens of 
shillings, and obtain 4 of these tens^ which, joined to that written 
under the column, makes 5, from which we subtract the 3 units 
of this column, and place the remainder, 2, underneath, counting 
it as«tens with regard to the next coliimn. There still remain 
2 shillings, which must be reduced to pence ; adding the result, 
£4 pence, to the 5 that are writtent we have a total of 29, which 
must be again obtained by the addition of all the pence, as these 
are the parts of the lowest denomination in the question. This 
really happens^ and proves the operation to be right. 

Examples. 



£ 


s. 


d. 


£ 


s. 


d 


£ 


s. 


d. 


17 


13 


4 


84 


17 


H 


175 


10 


10 


13 


10 


2 


75 


13 


^ 


107 


13 


lll 


10 


17 


3 


51 


17 


H 


89 


18 


10 


8 


8 


r 


20 


10 


lOi 


75 


12 


2i 


3 


3 


4 


17 


15 


H 


3 


3 


Si 




8 


8 

/ 


10 


10 


11 


1 




1 


Sum 54 


1 


4 


261 
24 


5 

23 


20 


452 


19 


21 


Proof 23 


32 





232 


13 





AritK 




• 


11 






• 
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AithmeHcm 




lb. 


oz* dwt« fgr» 


lb. 


oz. dwt. gr. 


' lb. oz. dwt. |^« 


17 


S 15 11 


14 


10 13 20 


27 10 17 IS 


IS 


2 IS IS 


13 


10 18 21 


17 10 IS IS 


15 


S 14 14 


14 

• 


10 10 10 


13 11 IS 1 


IS 


10 


10 


12 3 


10 1 2 


12 


1 17 


1 


4 4 4 


4 4 S S 




IS 14 




1 19 


S' 1 


cwt. 


qr« lb. oz. dr. 


T. cwt. 


qr. lb. oz* dr« 


T.cwt. qr. lb. oz. dr. 


15 


2 15 15 15 


2 17 


3 13 8 r 


3 13 2 10 7 7 


IS 


2 17 13 14 


2 IS 


3 14 8 8 


2 14 1 17 6 6 


12 


2 IS 14 14 


1 16 


10 5 


4 17 14 6 


10 


1 17 15 


2 IS 


1 7 


2 13 12 7 7 


12 


1 10 10 


1 14 


112 2 


3 IS 10 4 4 


10 


1 12 1 7 


4 16 


17 7 5 


5 2 12 8 S 


Ml8.fiir.pol.yd. A* in. 


s 

Ml8.fur 


■poLyd. ft. in* 


Mis. for. pol. yd. ft in. 


S7 


3 14 2 1 5 


28 2 


13 1 1 4 


28 3 7 2 7 


£8 


4 17 S 2 10 


39 1 


17 2 2 10 


80 If 

• 


17 


4 4 S 1 2 


28 1 


14 2 2 


27 6 30 2 2 


10 


5 6 8 1 7 


48 1 


17 2 2 7 


7 6 20 2 1 


29 


2 2 2 S 


37 1 


29 3 


5 2 2 10 


SO 


4 2 


2 


20 2 1 


7 10 2 2 



SUBTRACTION OF COMPOUND NUMBERS. 

104. This operation is performed in the same way as the sub- 
traction of simple numbers^ except with regard to the number 
which it is necessary to borrow from the higher denominations^ 
in order to perform the partial sabtractions^ when the lower 
number exceeds the uppeh For instance^ 

£ s. d. 
from 795 S 

take 684 17 4 



Difference 110 5 8 



Subtraction of Compound J^umbers. 



83 



In performiBg this example, it is necessary to borrow, from the 
column of shillings, 1 shilling or 12 pence, in order to effect the 
nubtraction of the lower number, 4, and«we have for a remainder 
S pence. There now remain in the upper number of the column of 
shillings only 2, it is necessary therefore to borrow, from that of 
pounds, 1 pound or 20 shillings, we thus make it 22, of which, 
when the lower number, 17, is subtracted, 5 remain ; we must 
now proceed to the column of pounds, remembering to count the 
upper number less by unity, and finish the operation as in the 
case of simple numbers. 

The method of proving subtraction of compound numbers, like 
that for simple numbers, consists in adding the difference to the 
less of the two numbers. 



Examples forpradice^ 



£ 8. d. 
275 IS 4 

176 16 6 


£ 8. d. 
454 14 2| 

276 17 5^ 


£ 8. d. 
274 14 2i 

85 15 7| 


Rem. 98 16 10 


177 16 9i 


188 18 6| 


Proof 275 IS 4 

lb. OS. 4wt. gr. 
7 S 14 11 

S 7 15 20 

• 


454 14 2| 

lb. oz. dwt. gr. 

27 2 10 20 
20 S 5 21 


274 14 2^ 

lb. oz, dwt. gr. 

29 3 14 a 

20 7 15 7 


Rem. 




■ 


Proof 






cwt.qr. lb. oz. dr. 
5 17 5 9 

S S 21 1 7 


cwt. qr. lb. oz. dr. 
22 2 IS 4 8 

20 1 17 6 6 


cwt.qr. lb. oz. dr. 
21 1 7 6 IS 

IS 8 8 14 


Rem. 


- 




Proof 
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W». far. pol. 3rd. ft. in. Mis. fur. poL yd. ft. in. Mis. fur. pdL yd. ft. in. 

14 3 17 i 2 1 70 7 13 I 1 2 , 70 3 iO 7 

10 7 30 2 10 20 14 2 2 7 17 3 11 1 1 3 



Rem. 
Proof 



III. w. d. h. ' 


in* w« d» h. ' 


no. w. d« h. ' 


17 2 5 17 26 


37 1 13 1 


71 5 


10 IS 18 


15 2 15 14 


17 5 5 7 



Rem. 



Proof 



MULTIPLICATION OF COMPOUNJD NUMBERS. 

105. We have seen, that a number Coifeisting of isteveral denom- 
inations may be reduced to a single one, either the lowest or the 
highest of those contained in it, in which state it admits of being 
used as an abstract number. But when it is required to find the 
product of two numbers, one of which only is compound^ thesim* 
plest method is to consider the multiplication of each denomina- 
tion of the Compound number by the simple factor, as a distinct 
question, and the several results, thus obtained, will be the total 
product sought. If it were proposed, for example^ to multiply 
7L 14s. 7d. 3q. by 9, it may be done thus^ 

£8. d. q. 

7 14 7 3 

9 9 9 9 

63 126 63 27 

and 63{. I26s. 63d. 27q. is evidently 9 times the proposed sun, 
because it is 9 times each of the parts^ Which compose this sum. 
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But srq. is equal to 6d. Sq. and adding the 6d. to the 63d. we 
have 69d« equal to 5s. 9d. adding the 5s. to the 126s. we obtain 
ISts. equal to 6/. lis, and lastly, adding the 6L to the 632. we 
have 69L lis. 9d. 3q. equal to the above result, and equal to the 
product of 

71. 14s. 7d. 3q. by 9. 

Instead of finding the several products first, and then reducing 
them, we may make the reductions after each multiplication, 
putting down what remains of this denomination, and carrying 
forward the quotient^ thus obtained^ to be united to the next 
higher product. 

Hence, to multiply two numbers togetherf one of which is com- 
pound, make the compound number the mulliplicand anH the simple 
number the multiplier^ and beginning with the lowest denomination 
of the multiplicand^ multiply it by the muUiplier and divide the pro- 
duct by the itumAer, which it takes to make ons of the neoct superior 
denomination ; putting down the remainder, add the quotient to the 
'product of the next denomination by the multiplier, reduce this sum, 
putting down the remainder and reserving the quotient, as before, 
and proceed in this manner through all the denominations to the 
last, which is to be multiplied like a simple number. 

When the multiplier exceeds 12, that is, when it is so large 

that it is inconvenient to multiply by the whole at once, the 

shortest method is to resolve it, if it can be done, into two or 

more factors, and to multiply first by one and then that product 

by the other, and so on, as in the following example. Let the. 

two numbers be £4 13s. 3d. and 18. 

£ s. d. 
4 13 3 

9 



41 19 3 



83 .18 6 
Here we first find 9 times the multiplicand, or d^ 1 1 9s. 3d. 
and then take twice this product, which wUI evidently be twice 
9^ or 18 times the original multiplicand (8£). Instead of multi- 
plying by 9 we might multiply first by 3 and then that product 
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by 3^ which would give the same result ; also the multiplier 18 
might be resolved into S and 6, which would give the same pro- 
duct as the above. If we multiply £%S 18s. 6d. by 7. 

£ s. d. 
83 18 6 

7 



587 9 6 

we shall have the product of the original multiplicand by f times 
18 or 1S6. 

If the multiplier were 105^ it might be resolved into 7p S, and 
5, and the product be found as above. 

But it frequently happens^ that the multiplier cannot be re- 
solved in this way into factors. When this is the case, we may 
take the number nearest to it, which can be so resdvedy and 
find the product of the multiplicand by this numbert as already 
described, and then add or subtract so many times the multipli- 
cand, as this number falls short, or exceeds ttie givoi multi^r, 
and the result will be the product sought Let thore be £1 fi. 
8d. to be multiplied by 17. 

£ 8. d. 

1 7 8 

4 



5 


10 


8 
4 


£2 


£ 


8 


1 


.7 


8 



Product £23 10 4 

In the first place, I find the product of £1 7s. 8d. by 16, which 
is £22 2s. 8d. and to this I add once the multiplicand and this 
sum £23 IDs. 4d. is evidently equal to 17 times the multiplicand. 

106. It may be observed, that in those cases, where the de» 
crease of value from one denomination to another, is according to 
the same law throughout, that is, where it takes the same number 
of a lower denomination to make one of the nest higher through 
all the denominations, the multiplication of one campound number 
by another may be performed in a manner sindlar to what takes 
place with regard to abstract umbers. 
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This regular gradatioil is sometimes preserved in the denom- 
inations^ that succeed to feet in long measure^ 1 inch or prime 
being considered as equal to 12 seconds, and 1 second io 12 thirdSf 
and so on^ the several denominations after feet being distinguish- 
ed by oncy two^ &c. accents^ thus^ 

lOf.4' 5" 10'". 

If it were required to find the product of 2L A! by 3f. 10'^ we 
should proceed as bdow. 





2f. 


4' 


• 


3 


10 


1 


11 


4 


7 








. 8 11 4" , 

The 4 inches or primes may be considered with reference to 
the denomination of feet, as 4 twdfths^ or ^\, and the 10 inches 
as \\^ the product of which is ^V,, or 4t of -^^^ or 40'^ which 
reduced gives S' A!' ; putting down the A!', we reserve the S' to be 
added to the product of 2 feet by 10^^ or 4^» which product is f{ 
of a foot^ to which 3 being added, we have -fif* or If. and 11' ; 
next multiplying 4' or ^\ by 3, we have 41 or \, which added to 
the product of 2 by 3 gives 7. Taking the sum of these results, 
we have 8f. 11' 4% for the product of Sf. 4' by 3f. 10'. The 
method here pursued may be extended to those cases, where there 
is a greater number of denominations. 

Whence, %o multiply one number consisting of feet, primes, 
secmds, ^c. by another of the same kind, haroing placed the several 
terms of the muUiplier wnder the corresponding ones of the muttu' 
plicandf multiply the whole multiplicand by the several terms of 
the mtdtiplier successively according to the ride of the last article, 
^ placing the first term of each of the partial products under its res* 
pective mnltipUer, and find the sum of the several columns, observing 
to carry one for every twelve in each part of the operation ; then the 
first numier on the left wiU be feet, and the second primes, and the 
third secondSf and so on regularly to the lastj» 

- ■ «M I I I III I 

t The above article relates to what is commonly called duodeei" 
mds. The operation is ordinarily performed by beginning with the 
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Examples for pradice. 

Multiply £1 lis. 6d. 2q. by 5. Ms. £7 irs. 8d. Sq. 

Multiply 78. 4d. Sq.+y 24. dns. £f^ 17«. ed. 

Multiply £1 I7n. 6d. by 63. Ans. £11S Sn. 6iL 

Multiply 17s. 9d. by 47. Ans. £4\ Hn. SA. 

Multiply £1 28. Sd. by 117. Ans. £130 Ss. Sd. 

What is the value of 119 yards of cloth at £2 48. 3d. per 
yard ? ' Ans* £^63 58. 9d. 

Wliat is the value of 9cwt of cheese at £l 1 18» 5d. per cwt? 

Jhu. £14 28. 9d. 

What is the value of 96 quarters of rye at £f 38. 4d. per 
quarter. Ans. £t 12. 

What is the weight of 7 hhds. of sugar, each weq;bing 9 cwt 
dqrs. 12lb. Jhu* 69. c^t 

In the Lunar circle of 19 years, of d65d. 5b. 48^ 48^ each, how 
many days, &c.? Jins. 6939d. 14h. 27' 12^. 

Multiply 14f. 9^ by 4r. 6'. Ans. 66t 4' 6". 

Multiply 4f. 7' 8" by 9f. 6'. Ans. 44t 0' 10". 

Required the content of a floor 48f. 6' long and 24f. 3^ broad. 

Ans. 1176f. 1'6". 

What is the number of square feet &c. in'a marble slab^ 
whose length is 5f. 7' and breadth If. lO' ? Ans. lOt 2' lO.'' 



highest denomination of the multiplier, and disposing of the several 
products as in the first example below. The result is evidently the 
same whichever method is pursued, as may be seen by comfNuring 
this example with that of the same question on the rigbtf performed 
according to the rule in the text. This last arrangement seems to 
be preferable, as it is more strictly conformable to what takes place 
in the multiplication of numbers accompanied by decimals. 



f. 


/ 


f/ 




10 


4 


5 




7 


8 


1 




72 


6 


11 




6 


10 


11 


4'" 




5 


2 


2 



f. 



// 



If/// 







10 


4 


5 




5 


7 


8 


1 




3 


2 


6 


6 


10 


11 


4 




72 


6 


11 







79 11 6 6 79f. ir 4/' &" Gf" 



BM$ion cf Camptmid Members* 89 



DIVISION OF COMPOUND NUMBERS. 

107. A coMPoinnQi number may be divided by a simple num- 
ber, by retarding each of the terms of the former* as forming a 
distinct dividend. If we take the product found in article 105, 
namely, £6d 126s. 6M. £7q. and divide it by the multiplier 9, 
ive shall evidently come back to the multiplicand, £T 148. rd. 3q. 
We arrive at the same result also, by dividing the above sum re» 
duced, or £69 lis. 9d. Sq. for we obtain one 9th of each of the 
several parts that compose the number, the sum of which must be 
one 9th of the whole. But since, in this case, each term of the 
dividend is not exactly divisible by the divisor, instead of employ- 
ing a fraction we reduce what remains, and add it to the next 
lowcii* denomination, and then divide the sum thus formed^ by the 
divisor. The operation may be seen below. 

£69 Us* 9d. 3q. [ 9 

^^ |jB7 14a. 7iL 3q. 
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"Whence, to divide a number consisting of different dienominaiiom 
hy a simple nmnberp divide the highest term of the compound nom- 
herbythe dmsor, redwe the remainder to.the nextiuwer demmi' 
natioHf adding to it the number of Viis denominaUon9 and dvmde. ike 
sum by the divisorf reducing the remainder 9 as beforCf and proceed in 
this way through aU the denominations to the last^ theremamder 
of whichf if there be one, must have its quaiiewt repiresenJtei in He 
form of a fraction by placing the divisor under it* The sum of tit 
several quotiefUSf thus obtainedt will be the whole quotient reqmrsL 

When the divisor 18 large and can be resolved into two or 
more simple factorsf we may divide first bj one of these factora^ 
and tlien that quotient by another, and so on. and the last quo- 
tient will be the same as that which would have been obtained 
by using the whole divisor in a single operation. Taking the 
result of the example in the corresponding case of iniiItipUcatio% 
we proceed thus^ 
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By dividing £83 18s. 6d. by Q, we obtain one half of this siniy 
which being divided by 9, must give one 9th of one half, or one 
18th of the whole. The first operation may be considered as 
separating the dividend into two equal parts^ and the sieeond as 
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distributing each of these into nine equal parts^ the number of 
parts therefore will be 18^ and being equals one of them must be 
one 18th of the whole. 

But when the divisor connot be thus resolred, the operation 
Biust be performed by dividing by the whole at once. If the 
quotient, which we are seeking, \vere known, by adding it to, or 
(Subtracting from it, the dividend a certain number of times^ 
increasing or diminishing the divisor at Jie same time by as 
many units, we might change the question into one, whose divi- 
sor would admit of being resolved into factors, which would 
give the same quotient ; we should thus preserve the anology 
which exists between tiie multiplication and division of compound 
numbers. But this cannot be done, as it supposes that to be 
known, which is the object of the operation. 

Multiplication and division, where compound numbers are 
concerned, mutually prove each other, as in the case of simple 
numbers. This may be seen by comparing the examples^ which 
are given at length to illustrate these rules* 

Exampks for practice 

Divide £821 17s. 9^d. by 4. Jlns. M05 9s. 5\d. 

Divide £28 £s. l^d. by 6. Jins.£4 13s. b^d. 

Divide £57 Ss. 7d. by 35 Ans. £l 12s. 8d. 

Divide £23 15s. 7|d. by 37 Am. 12s. 10|d. 

. Divide 106lcwt. £qrs« by £8. Ans. 37cwt. dqrs. 18lb. 

Di\ide 375mls. 2fur. 7pls. ^yds. 1ft. 2in. by 39. 

Am. 9mls. 4fur. 39pls. 2ft. 8im 
If 9 yards of cloth cost £4 3s. 7|d. what is it per yard ? 

Am. 9s. 3d. 2q» 
If a hogshead of wine cost £33 12s. what is it per gallon ? 

Am. 10s. 8d« 
If a dozen silver spoons weigh 3lb« 2oz. 13pwt. 12grs. what 
is the weight of each spoon. Ans. 3oz. 4pwt. 1 Igrs. 

If a peraou's income be £150 a year, what is it per day ? 

Am. 8s. 2|(U nearly, 
A, capital of £223 16s. 8d« being divided into 96 shares, what 
is the value of a share ? Am. ££ 6s. 7|i. 
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niOPORTION. 

1 08. "We have shown, in the preceding part of this workf tbe dif- 
ferent methods necessary for performing on all numbf rs^ whether 
whole or fractional, or consisting of different denominationSf 
the four furtdamental operations of arithmetic, namelj^ addition^ 
subt) action, multiplication and division ; and all questiona rela* 
tiv(* to numberH ought to be regarded as solved, wheoy by an 
attentive examination of the manner in which they are stated^ 
they can be reduced to some one of these operations. Conse- 
quently, we might here terminate all that is to be said on aritlh 
metir, for what remains belongs, propeily speaking, to the prov- 
ince of algebra. We shall, nevertheless, for the sake of exer- 
cising the learner, now resolve some questions which will prepare 
him for algebraic analysis, and make him acquainted with 
a very important theory, that of ratios and proportions^ which 
is ordinarily comprehended in arithmetic. 

lOr. A piece of doth 13 yards long was sold far ISO doOarSi 
Tchat win be the price of a piece of the same cMh 18 yards long. 

It is plain, that if we knew the price of one yard of the cloth 
that was sold, we might repeat this price 18 times, and the 
result would be the price of the piece 18 yards long. NeWf 
since 13 yards cost ISO dollars, one yard must have cost the 
thirteenth part of 1 30 dollars, or ^^Y^, performing the divison^ 
we find for the result 10 dollars, and multiplying this number by 
18, we have 180 dollars for the answer ^ which is the trae cost of 
the piece 18 yards long. 

Ji courier^ who travels always at the same rate^ having gone 5 
leagues in S hours, how many wiU he go^in 11 hours f^ 

Reasoning as in the last example, we see, that the courier 
goes in one hour 4 of 5 leagues, or |, and conseqoentljf in 1 1 
hours he will go 11 times as much, or 4 of a league multiplied 
by 11, or y, that is 18 leagues and 1 mile. 

In how many hours rviU the courier of thepreceding questbmg^ 
22 leagues? 

We see, that if we knew the time he would occupy in going one 
league, we should have only to repeat this number 22 times, and 
the result would be the number of hours required. Now the 
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eourier^ requiring S hoars to go 5 If agues^ will require only . 
I of the tiQie^ I of an hour» to go one leagne ; this number^ 
multiplied by £2^ gives y or Id hours and \f that is^ 13 hours 
and 1£ minutes. 

110. We have discovered the unknown quantities by an analy- 
sis of each of the preceding statements, but the known numbers 
and those required depend upon each other in a manner^ that it 
would be well to examine. 

To do thisy let us resume the first question^ in which it was re- 
quired to find the price of 18 yards of cloth, of which 13 cost 
130 dollars. 

It is plain, that the price of this piece would be double, if the 
number of j^ards it contained were double that of the first ; that 
if the number of yards were triple, the price would be trijde also, 
and so on ; also that for the half or two thirds of the piece we 
should have to pay only one half or two thirds (^ the whole price. 

According to what is here said, which all those, who understand 
the meaning of the terms, will readily admit, we see, that if there 
be two pieces of the same doth, the price of the second ought to 
contain that of the firstf as many times as the length of the 
second contains the length of the first, and this circumstance is 
stated in saying, that the prices are in proportion to the lengths^ 
or have the same relation to each other as the lengths. 

This example will serve to establish the meaning of several 
terms which frequently occur. 

111. The relation of the lengths is the nmmber, whether whole 
or fractional, which denotes how many timies one of the lengths 
contains the other. If the first piece had 4 yards and the second 
8, the relation, or ratio, of the former to the latter would be 2, 
because 8 contains 4 twice. In the above example, the first piece 
bad 13 yards and the second 18, the ratio of the former to the 
latter is then 4|> or I-/,. In general, the relation or ratio ^ two 
numbers is the quotient arising from dividing one by the other. 

As the prices have the same relation to each other^ that the 
lengths have, 180 divided by 130 must give 44 for a quotient, 
which is the case ; for in reducing ^|^ to its most simple terms, 
we get 4|. 
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The four numberSf 13^ 18, ISO, I8O9 written in this order* are 
then such, that the second contains the first as many times as the 
fourth contains the third, and thus they form what is called a 
proportion. 

yfe see also* that a proportion is the eombUuUum of two equd 
ratios. 

We may observe, in this connexion, that a relation is not 
changed by multiplying each of its terms by the same number; 
and this is plain, because a relation, being nothing but the quo- 
tient of a division, may always be expressed in a fractional form. 
Thus the relation ^| is the same as }|J. 

The same considerations apply also to the second example. 
The courier, who went 5 leagues in 3 hours, would go twice as 
far in double that time, three times as far in triple that time ; 
thus 11 hours, the time spent by the courier in going 18 leagues 
and |, or Y of a league, ought to contain 3 hours, the time re- 
quired in going 5 leagues, as often as Y contains 5. 

The four numbers 5, Y , 3, 1 1, are then in proportion ; and in 
reality if we divide Y ^7 ^9 we get 479 a result equivalent to y • 
It will now be easy to recognize all the cases, where there may 
be a pro|>ortion between the four numbers. 

112. To denote that there is a proportion between the num* 
hers 13, 18, 130, and 180, they are written thus, 

13 : 18 : : 130 : 180, 

which is read 13 is to \S as 130 is to 180 ; that is, 13 is the same 
part of 18 that 130 is of 180, or that 13 is contained in 18 as 
many times as 130 is in 180, or lastly, that the relation of 18 to 
13 is the same as that of 180 to 130. 

The first term of a relation is called the antecedentf and the 
second the dmsequeni. In a proportion there are two antecedents 
and two consequentSf viz. the antecedent of the first relation and 
that of the second ; the consequent of the first relation and that 
of the second. In the proportion 13 : 18 : : 130 : 180, the ante- 
cedents are 13, 130; the consequents 18 and 180. 

We shall in future take the consequent for the numerator, and 
the antecedent for the denominator of the iraction which ex- 
presses the relation. 
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115. To ascertain that there is a proportion between the four 
numbers ]S« 18, 130, and 180, we niust see if the fractions W 
and -j^^ be equal, and to do this, we reduce the second to its most 
simple terms ; but this verification may also be made bj con- 
sidering, that if, as is supposed by the nature of proportion, the 
two fractions 4-| and 4I7 be equal, it follows that, by reducing 
them to the same denominator, the numerator of the one will be- 
come equal to that of the other, and that, consequently, 18 multi- 
plied by 130 will give the same product as 180 by 13. This is 
actually the case, and the reasoning by which it is shown, being 
independent of the particular values of the numbers, proves, 
that, iffmir numbers he in proportion, the product of the first and 
lasU or of the two extremes, is equal to the product of the sedond and 
Hiirdn or of the two means. 

We see at the same time, that, if the four given numbers were 
not in proportion, they would not have the abovementioned pro- 
perty ; for the fraction, which expresses the first ratio, not being 
equivalent to that which expresses the second, the numerator of 
the one will not be equal to that of the other^ when they are re- 
duced to a common denominator. 

114. The first consequence, naturally drawn from what has 
been said, is, that the order of the terms of a proportion may be 
changed, provided they be so placed, that the product of the ex- 
tremes shall be equal to that of the means. In the proportion 
13 : 18 : : 130 ; 180, the Tollowing arrangements may be made; 

13: 18:: 130: 180 

13:130:: 18:180 
180:130:: 18: IS 
180: 18:: 130: 13 

18: 13:: 180: 130 

18:180:: 13:130 
130: 13:: 180: 18 
130:180:: 13: 18 

for in each one of these, the product of the extremes is formed of 
the same factors, and the product of the means of the same fac- 
tors. The second arrangement^ in which the means have chang- 
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#d places with eadi otbery is one of those fliat most frequently 
occur.* 

115. This change shows that we may either multiply or. divide 
the two antecedentSf or the two consequents, by the same num- 
ber, without destroying the proportion. For this change makes 
the two antecedents to constitute the "first relationt and the two 
consequents, the second. If, for instance, 55 : 21 : : 165 : 6S, 
changing the places of the means we should have, 

55: 165:: 21: 63 1 
we might now divide the terms, which form the first rdation, by 
5, (1 1 1) which would give 1 1 : 35 : : 21 : 63, changing igain the 
places of the means, we should have 1 1 : 21 : : 33 : 63, a propor- 
tion which is true in itself, and which does not diflbr ttotn the 
given proportion, except in having had its two antecedents 
divided by 5. 

116. Since the product of the extremes is equal to that of 
the means, one product may be taken for tbe other, and, as in di- 
viding the product of the extremes, by one extreme, we must ne- 
cessarily find the other as the quotient, canseqnentlj/f tn dmdtii; 
hf one extremfi the product of the meanSf weshaUJind (he other eX' 
treme. For tbe same reason, if we divide (he product oftheex^ 
tremea by one i^ the meanSf we ahaUJind the other mean. 
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*It may be observed, that the proportion 13: 130 :: 18:180 
might have been at onoe presented under this form, according to tbe 
solution of the question in article 109 ; for the value of a yard of 
cloth may be ascertained in two ways, namely, by dividing the price 
of the piece of 13 yards by 13, or by dividing the price of 18 yards 
fay 18 ; it follows then that the price of the first must contain 13 as 
piany times as the price of the second contains 18 ; we shall then 
haVe 13 : 130 : : 18 : 180. We may reason in the same manner 
with respeet to the g*^ question in the article above referred to, as 
well as with respect to all others of the like kind, and thence derive 
proportions; but the method adopted in article 109 seemed preferable, 
because it leads us to compare together numbers of the same denom* 
inatioOy whilst by the others we compare prices, which are sums of 
money, with yards, which are measures of length ; and this cannot 
be done without reducing them both to abstract numbers. 
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> We eanthen ftnd any one term of a proportion» wben we know 
the ot|ier three, for the term sought must be either one of the 
extremes or one of the means. 

The question of article (109) may be resdved by one of these 
rules* Thus, when we have perceived that the prices of the 
two pieces are in the proportion of the number of yards contain- 
ed in each^ we write the proportion in this manner^ 

13:l&::t30:X9 

putting the letter x instead of the required price of 18 yards^ 
and we find the price, which is one of the extremes, by multiply- 
ing to|^her the two means, 18 and 130, which makes 2340, (&nd 
dividing this product by the known extreme, 13 ; we obtain, for 
the result, 180. 

The oiieration, by which, when any three terms of a propor- 
tion are given, we find the fourth, is called the Rule of Three*. 
Writers on arithmetic have distinguished it into several kinds, 
but this is unnecessary, when the nature of proportion and 
the enunciation of the question are well understood | as a few 
examples will sufficiently show. 

117. A person having travelled £17,5 miles in 9 days; it is 
asked, how long he will be in travelling 423,9 miles, he being 
supposed to travel at the same rate 7 

In this question the unknown quantity is the number of days, 
which ought to contain the 9 days spent in going 217,5 miles, 
as many times as 423,9 contains 217,5 1 we thus get the following 
proportion ; 

day** 

217,5 : 423,9 : : 9 : a?, and we find for x, 17,54 nearly. 

118. All the difllcnlty in these questions consists in the man- 
ner of stating the proportion. The following rules will be sufll- 
cient to guide the learner in all cases. 

Among the four numbers which constitute a propcM^on, there 
are two of the same kind, and two others also oi the same kind, 
but different from the first two. In the preceding example, two 
of the terms are miles, and the other two ; days. 

First, then, it is necessary to distinguish the two terms of 
each kind, and when this is done, we shall necessarily have the 
quotient of the greatest term of the second kind by the smallest 
Jtrith. 13 
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of tU nkmi iAoA, equtf to the quotient of the greatest tiMi of the 
Arst kind by the smallest of tfaie same kind^ which will give m 
this proportion^ 

the smaller term of the first kind 

is 

to the larger of the same kind 

as -' 

the smaller term of the second kind 

ts 

to the larger of this kind. 
In the pi*eceding example this rule immediately ^yes^ ^ 

2ir,5 : 423,9 : : 9 ;a: 

for the unknown term ought to be greater than 9f since a js^^ter 
number of days will be necessary to complete a longer journey. 
119. If it were required to find how many days it would Cake 
sr men to perform a piece of work, which 15 men, working at 
the same rate^ wuuld do in 18 days ; we see that the days should 
be leiss in proportion as the nmnber of men is greater, and recip- 
rocally. There is still a proportion in this case, but the order of 
the terms is inverted ; for, if the ni/mber of workmen in the 
second set were triple of that in the first, they would require 
only one third of the time* The first number of dayis then 
would contain the second as many times, as the second number 
of workmen would contain the first. This order of the terms 
being the reverse of that assigned to them by the enunciation of 
the question, we say, that the number of workmen is in the 
inverse ratio of the number of days. If we compare the two firstf 
and the two last, in the order in which they present themselves, 
the ratio of the former will he 3, or 4, and that of the latter -I, 
which is the same as the preceding with the terms inverted. 

It is evident, indeed, that we invert a ratio by inverting the 
. terms of the fraction, which expresses it, since we make the an- 
tecedent take the place of the consequent, and the consequeit 
that of the antecedent | or 2^ : 3 is the inverse of | or 3 : 2. 

The mode of proceeding in ajicb raises may be rendered very 
simple ; for we have only to take the mimbers denoting the two 
sets of workmciiy for the quantities of the first kind> and the num- 



ken 4eliottog the dayst for those of the seovidf and to place the 
(Nie m4 the other in the order of their magnitude; proceeding; 
tbus^ we have the I'oiiowing proportion, 

J$: 27 :;a:: 18, 

from which we immediately ind x equal to 10. 

Recapitulating the remarks already giTent we have the fol- 
lowing rule ; rnake the number which is of the same^ kitid with 
the answer the third term^ and the two remaining ones the Jirsi 
and secondp putting the greater or the less firsts according as the 
third is greater or less tlum the term, sought ; then the JburUi term 
will be found by m^Utiplying together the second and third, and di- 
viding the froduct by the first. 

120. lat. A man placed 3575 dollars at interest at the rate of 
5 per cent, yearly ; it is asked what will be the inteit»t <oi this 
sum at the end of one year 7 

The expre-s^ion. 5 per cent, interest, means^ that for a sum of 
o^e handred doUars, 5 dollars is allowed at the end of a yearjj 
if then, we take the two principals for the quaatitieB of .th^ first 
kind, and the interest for those of the second, we shall have, 

100 : 3675 : : 5 ; a?, 

a proportion which may he reduced to SO : 857^ :: I : at, ad- 
cording to the observation in article 115; then dividing the 
two terms of the first relation by 5, we shall have 4 : 715 : : 1 : ^, 
whence x is equal to ^^'* or 8l78,75 cts. 

We may also resolve this question by considering that 5 is -j^ 
qf IOO9 and that consequently we idiall obtain the interest of any 
sum put Qut at this rate by taking the twentieth part of this sum. 
l(pw -^-^ of Sd575 is Sl78,75 ; a result tvhich agrees with the one 

before fmind* 

£d, A merchant gives iris note for 2^00,00 payable in a year ; 

the note is sold to a broker, who advances the money for it eight 

months before the time of payment; how much ought the broker 

'to give ? 

Ah the broker advances, f^rom his own fands, a sum, which is 
not to be i*eplaced till the expiration of 8 months, it is proper 
that he should be allowed interest for his money during this 
time. 

Let the interent for a year be 6 per cent, the interest for 8 
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months wfll be -f^f^r f • of 6, or 4 ; atiun^tbeii of 100 doUaBSy 
lent for 8 months^ oiuat be entitled te 4 dollars interf 8t ; that is» 
he who« borrows it ought to return |jSl04* By Gonsi«kring the 
S8OO9 as a sum so returned for what is advanced by the broker^ 
we shall have this proportiony 104 : 100 : : 800; X9 whence .we 
get S769923f for the value of x, that is^ for the sum the broker 
ought to give.* ^ 

• 

^esHonsfor pradice. 

What itf the value of a cwt. of sugar at 5^d. per lb. 7 

M$. 2/. lis. 4d. 
What is the value of a chaldron of coals at li^d. per busbelt 

Ms IL 14s. 6<L 
What is the value of a pipe of wine at lO^d. per pint 2 

Jim. 44k £a. 
At 51. 9s. per cwt. what is the value of a pack of vvdo|^ 
weighing 2cwt. 2qrs. ISlb. Jins. 9(« 6d. -^^ 

What is the value of l^cvrt. of coffee at d^d. per oiwoei 

d9iii» 611. ISO. 
Bought 3 casks of raisins^ each weighing Scwt. Sqrs. S5lb. 
what will they come to at 2L la. 8d. per cwt 7 

Jins. 17L 4|d. ^. 
What Is the value of Sqrs. Inl. of velvet at Ids. d^d. per 
English ell 7 Ms. 8s. 10\A. ^|* 

Bought 12 pockets of hops, each weighing Icwt. Sqrs. irlb« ; 
what do they come to at 41. Is. 4d. per cwt 7 

Ms. 801. 12s. l|d. ^Y* 
What is the tax upon 745/. 14s. 8d. at ds. 6d. in the pound? 

Jins. ISOL 10s. 0|d ^* 
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t A sum, thus advanced, is called the present worth of the sum die 
at the expiration of the proposed time. 

* The operation by which we find what ought to be given for a 
sum of money, when the time of payment is anticipated, belongs to 
what is ealled Discount. There are several ways of calculating 
discount, but the above is the most exacts as it has regard merely t^ 
simple interest. 
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If I of a yard of velvet cost 7s. Si. hfivr many yards can I 
bay for ISL 15s. 6d. ? Jt%$. 2B| yards. 

If an ing^t of gold, weighing 9lb. 9oz. Iddwt. be worth 4 111. 
126. what is that per grain 7 .Ins. l|d. 

How many quarters of com can I buy for 140 dollars at 4s. 
per bushel 7 Ms. 26qrs. Sbu. 

Boo^t 4 bales of cloth, each containing 6 pieces^ and each 
piece 27 yards, at 161. 4s. per piece ; what is the value of the 
whole^ and the rate per yard 7 

Jins. 3882. 16s. at 12s. per yard. 

If an ounce of silver be worth 5s« 6d. what is the price of 
a tankard, that weighs lib. lOoz. lOdwt. 4gr. 

Ms. 61. Ss. 9^d. 7^. 

What is the half year's rent of 547 acres of (and at 15s. €d. 
per acre 7 Ms. 211^ 19s. 3d. 

At HfTS per week, how many months' board can I have for 
tool. 7 .^B^ 47. m. 2w. ^^V 

Bought 1000 Flemish ells of cloth for 9M. how knust I sell it 
per ell in Boston to gain lOl. by the whole 7 Jins. 3s. 4d. 

If a gentleman^s income is 1750 dollars a year, and he spends 
19s. 7d. per day, how much will he have saved at the year's 
end 7 Ans. 1671. 12s. Id. 

What is the value of 172 pigs of lead, each weighing 3cwt» 
2qr8. 17|lb. at 8^. 17s. 6d. per fother of 19|cwt. 

jains. 280. 4s. 4^d. 

The rents of a whole parish amount to 17501. and a tax is 
granted of 322. I6s. 6d« what is that in the pound 7 

^itil. 4J.l1 t8fto 

If keeping of one horse be ll|d. per day, what will be that of 
11 horses for a year 7 Ms. 1922. 7s. 8|d. 

A person breaking owes in all 1490{. 5s. lOd. and has iu 
money, goods, and recoverable debts, 7 Ml. 17s. 4d. if these 
things be delivered to his creditors, what will they get on the 
popnd7 Jins. 10s. 6^d. |^^|4. 

What must 40s. pay towards a tax, when 652L 13s. 4d. is as- 
sessed at 832. 128. 4d. 7 Jtns. 5s. l|d. 4i^}|. 

Bought 3 tuns of oil for 1512. 14s. 85 gallons of which being 
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daaagedy I deifare te know how I may sell tbe reqiaindet yer 
gallon^ to as neither to gain nor lose by tlie hargaiti ? 

Wbat quantity of water must I add to a pipe of mountaia 
wine, valued at SSL to reduce the iretcost to 4e. 6d. per gallon 2 

Jlns. 20f gallons. 

If 15 elle of etuflr, | yard wide, cost $7b. 6d. what wilf40 ells 
af the same stuff cost, being a yal*d wide 7 Ans. GU ISs. 4d. 

Shipped for Barbadoes 500 pairs of stocking^^t Ss. 6d. per 
pair, and 1650 ytirds uf baise at is. ad. per yai*d, and have re- 
ceived in return 348 gallons of rum at 6s, 8d. per gallon, and 
750lb. of indigo at la. 4d. per Hi. what remains due upon ny 
adventure ? Ans. 24L 12s. 6d. 

If 100 workmen can finish a piece of work in 16 days, how 
many are suScient to do the same in 3 days 7 «tfi». 400 men. 

How nany yards of matting, Sft. 6in. broad, will cover a 
flooTf that is srft. long, and 20ft. broad. Jins. 72 yards. 

How many yards of cloth^ dqrs. wide^ are equal in meas- 
ure to 30 yards 5qrs. wide 7 Jtns. 50 yanis. 

A borrowed of bis friend B 250{. for 7 montha^ promising to 
do him the like kindness ; sometime after B had otcaiaion for 
SOM. how long may he keep it to receive full amends for tfaJlB 
favor 7 An8. 5 moKlhs and 99 days. 

If, when the price of a bushel of wheat is 6s. 3d. t^e pei^y 
loaf weigh •9oz. what ought it to weigh when wheat is at 8s. 2|d. 
per bushel 7 4ntf. 6ols. 1 8dr. 

If 4|rwt. can be carried 36 miles for 35 shillings, how ifiai^ 
pounds can be carried 20 miles for the same money 7 

Ans. 907%. ,V 

Ho^ many yards of canvass^ that is an eH wide^ wiH line 20 
yards of say, that is Sqrs. wide 7 Jhtg. .idyds. 

If 30 men can perform a piece of work in 11 days, Jhow many 
men w ill accomplish another piece of work^ 4 times as big, in a 
fifth part of the time 7 jStns. 600. 

A waH that is to be built to the height of 27 feet, was raised 9 
feet by 12 men 4n 6 days ; how many men must be employed to 
finish the wall in 4 days at the same rate of working^} 

Ans. S6. 
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ft 

If foi. cost \^l wliftt will loz. cost i M$4 \h Ss. 8d^ 

If ^\. of a ship cost 273/. 2s. 6d« what is -^ of ber worth ? 

Mb, £2T(. 12s. Id. 

At l^k per ewt, what does ^\h. come to 2 «tfft«. lOfd. 

If { of a gallon cost f {. what, will f of ft tan cost i M§^ 140/, 

A person, having | of a coal mine^ sells | of bis share for 
171^. what is the whole mine worth 7 Ms. d80f. 

Ify when the days are ld{ hours long, a traveller perform his 
journey in 35^ days ; in how many days will he perform the 
same journey, when the days are ll-i^ hours long 7 

Jins. 40{>|f days. 

A regiment of soldiers, consisting of 976 men, are to be new 
clothed, each coat to. contain 2^ yards of cloth, that is Ij-yd. 
wide, and to be lined with shalloon, ;^yd. wide ; how many 
yards of shalloon will line thein 7 Jins. 4531yds. Iqr. 2|nl. 



COMPOUND PROJ^ORTION. 

121. ProIportion is also applied to questions, in which the re- 
lation of the quantity required, to the given quantity of the same 
kind, depends upon several circumstances, combined together ; it 
is then called Compound Froportion, or Double Ride of Threes 
See some examples. 

It is required to find how many leagues a person would go 
in 17 days, travelling 10 hours a day, when he is known to have 
travelled 112 leagues, in 29 days, em[rioyLitg only 7 hours a day. 

This question may be resolved in two ways» we will first give 
the one that leads to Compound Proportion. 

In each case, the number of leagues passed over depends upon 
two circumstances, namely, the number of diays the man travels^ 
and the number of hours he travels to each day. 

We wiH not at first consider this latter circumstance, but sup- 
pose the number of hours be the same in each case ; the ques- 
tion then will be; a person in 29 days irarods 112 Uagues^.lunu 
immy wHl he travslin 17 days? This will furnish the following 
proportion ; 

29 : 17 : : 112 : x. 



The foortb term will be eqoal to 118 moltipliad hf If and divid- 
ed by «9, or *||^ Iea|$ues. 

Now, to take into consideration the namber of hoursy wo mast 
say, if a person travelling 7 boors a day, for a certain number of 
days, has travelled ^||^ leagues, how f%r will he go in tiiersame 
time, if he travel 10 hours a day 2 This willlead to the follow- 
ing proportion, 

b b. L 

7 : 10 : : ^|J* : X, 

which gives for the fourth term, or answer^ 93,793 leagues 
nearly. 

The question may also be resolved by observing, that 29 days 
travelling, at 7 hours a day, is equal to 203 hours travelling; 
and that 17 days, at 10 hours a day, amounts to 170 hours; the 
problem then is reduced to this proportion, 

203: 170: : 112: or, 

by which we find the distance he ought to travel in 170 hourS| 
according to what he performed in 203 hours* 

We see, by the first mode of resolving the question, that 112 
leagues has to the fourth term^ or answer, the same proportion, 
that 29 days has to 17, and that 7 hours has to 10 ; statiog^ this 
in the form of a proportion, we have 




by which it appears, that 1 12 is to be multiplied by both 17 aad 
10, and to be divided by both 29 and 7, that is, 112 is to be mid- 
tiplied by the product of 17 by 10, and divided by the product 
of 29 by 7, which is the same as the second method of resK^ving 
the question. 

122. Again, if 9 labourers, working 8 hours a day, have 
spent 24 days in digging a ditch 65 yards long, 13 wide, and 5 
deep^ how many days will it take 71 labourers of equal ability, 
working 11 hours a day, to dig a ditch 327 yardb long^ 18 
broad, and 7 deep ? 

Here is a question very complicated in appearance, but which 
nay be resolved by proportion. 

If all the conditions of these two cases were alike^ except the 
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immberof men and the amnber <rf days, the qoestton wimU con- 
sist only in finding in how many days 71 men would perform the 
"work, which 9 men have done in M days ; we should have then^ 

7l:9x:Q4iXf 
but instead of calculating the number of days, we will only indi- 
cate, as in article 82, the nombers to be multiplied together, and 
place as a denominator those by which they are to be divided ; we 
thus have for x days, 

£4 by 9 

But as the first labourers worked only 8 hours a day, while the 

others worked 11, the number of days required by the latter wiU 

be less in proportion, which will giye 

^, ^ fi4bv9 
11:8::—-^^ — :xi 
71 

whence we conclude that the number of days, in this case^ is 

24 by 9 by 8 

nbyu • 

This iiiimber is that of the days necessary for 71 labourers, 
working 1 1 hours a day, to dig the first ditch. 

The ditches being of unequal length, as many m<M% days will 
be necessary, as the second is longer than the first, thus we shall 
liave 

/.* ^rym i24by9by8 

and the number of days, this new circumstance bring consider- 
ed, win be 

24by9by8by327 
n'byllby65 

Taking into consideration the breadths, which are not alikq, 

we have 

I3.1ft., 84by9by8by3a7 

^-'^^ 71byllby(>d '^' 

and, consequently, the number of days required changes to 

24 by 9 by 8 by 827 by 18; 
71 by Jl by 65 by 13 * 

JtUh. X4 
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Jjuttjf thA depths being diflTorent, we have 

^.^,, 34by9by8by3gyhyl8 ^^ 
^•^•- 71bjllby65byl6 ' ' 
and the number of daysy resulting from the concurrence of all 
these circumstances, is 

24 by 9 by 8 by 327 by 18 by 7 
71by 11 by 65 by 13 by 5 * 
Performing the multiplications and divisions, we get the answer 
required, 21 days il^ji* 

123. This number is equal to 24 multiplied by the fractional 
quantity 

9by8by32ybyl8byy ^ 
71 oy 11 by 65 by 13 by 5^ 

but this last quantity, which expresses the relation of the num- 
ber of days given, to the number of days required^ is itself the 
product of the following fractions i 

» . 8 3S7 18 7 

Now, going back to the denominations given to these numbers in 
ihe statement of the question, we see that these fractions are the 
ratios of the men and the hours, of the lengths, the breadths Bsd 
the depths of the two ditches ; hence it follows, that the rati* of 
the number of days given, to the number of^days sought, is equid 
to the product of all the ratios, which result from a comparisoa 
of the terms relating to each circumstance of the question. 

This may be resolved in a simple manner by first finding the 
▼alue of each of these ratios ; for, by multiplying together the 
fractions that express them, we form a fraction which represents 
the ratio of the quantity i*equired to the given quantity of the 
same kind. 

This fraction, which will be the product of all the ratios in the 
question, will have for its numerator the product of all the ante- 
cedents, and for its denominator, that of all the consequents. A 
ratio resulting, in this manner, from the multiplication of sever- 
al others, is called a compound ratio» 

By means of the fractional expression 

• 9 by 8 by 327 by 18 by 7 
71byllby65byl3by5* 

and the given number of days, 24, we make the following pro- 
portion, 
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71 by 11 by 65 by IS by 5 : 9 by 8 by sar by 18 by T : : »4»: x, 
which may also be represented in this manner, as was the preced* 
ing example. 



n 

11 
65 
13 

5 



8 



Our remarks may be summed up in this rule ; Make the nunibetp 
%vhich is of the same kind ivith the required answer 9 the third term ; 
and oj the remaining numAerBf take any two that are of the same 
kindf and place one for a first term and the oiher for a second term, 
according to the directions in simple proportion ; then any other two 
rf the same kindf and so on, till oU are used ; lastly^ muUiply the 
third term by the product of the second termSf and divide the result 
by the product of the first termSfOmd the quotient will he the fourth 
term, or answer required. 

Examples for practice. 

If 1002. in one year gain '52. interest, what will be the interest 
of 750t. for 7 years ? Ms. 2621. 10s. 

What principal will gain 262{. 10s. in 7 years, at 5L per cent. 
)ptr annum ? AnS. 750L 

If a footman travel ISO miles in 3 days, when the days are 1£ 
hours long ; in how many days, of 10 hours each, may he travel 
360 miles ? , Jns. 9|| days. 

If 120 bushels of com can serve 14 horses 56 days ; how many 
days will 94 bushels serve 6 horses ? Ans. 102|{- days. 

If 7oz. 5dwt. of bread be bought at 4|d. when corn is at 4s» 
2d. per bushel, wliat weight of it may be bought for Is. 2d. when 
the price per bushel is 5s. 6d. ? Ms. lib. 4oz. S||^dwt. 

If the transportation of 1 Scwt. Iqr. 72 miles be 2^. 10s. 6dt 
what will be the transportation of 7cwt. Sqrs. 112 miles ? 

Ms. 91. 5s. lid. IjVVq. 

A wall, to be built to the height of 27 feet, was raised to the 
height of 9 feet by 12 men in 6 days ; how many men must be 
employed to finish the wail in 4 days, at the same rate of work- 
ing ? Ms. 36 men. 
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If a Kgimmt t^ aoMien, conlsting of 989 muut emaaamt S51 
quarters of wheat in 7 mouths ; how manj aoMiera will toasuaw 
1464 quarters in 5 months, at that rate 2 Jm. 5483y^> 

If 348 men, in 5 AaysoF il hoors each, dig a trench ^SO 
fards long, S wide and 2 deep ; in how nany days of 9 hours 
long, will S4 m«n dig a ImcU of 4S0'7arda long, 5 wide and s 
deep? Jut,a&&/^ 



FELLOWSHIP. 

134. Tbb object of this rule is to divide a nonter iato parti^ 
which shail have a given relatioo to each other ; we absU see ia 
the (killowiDg example its origin, and vtience it haa its nanie. 
Three merchants tbrmed a company for the porpoae of trade; 
the Scst advanced 25000 dollars^ the secnnd ISOOOj, and the Mri 
42000 ; after some time they aeparaUd, -and wished to divide tb« 
joint profit, which amounted tu 572^5 ilolla^i how much ought 
each one to Iiave 2 ^^^ 

To resolve this question we must consider, tNl^ *■"'"' 
gain ought to have the same relation to the whole '^fahy^^* 
money he advanced has to the whole sum advanced ; ^^^ 
furnishes a half or third of this sum, ought, plainly, tol 
bailor third of the profit. In the present example, tlie 
sum being 85000 dollars, tbe particular sums will be resV 
tively iiiii* ilUr* nvv% «f 't i *"id 'f we multiply till 
fractiouit by the whole gain, 57225, we sliall obtain the gain {I 
longing to each man. It is tnoreovcr evident, that the su 
the parts will be equal to tbe whole gain, because the sum or 
above fractions, having its numerator equal to i(s denominatlil 
fa necessarily an unit 
y/e have therefore tiiese proportions; 
9i 9 i 

85000 : 25000 : : 57225 : to tlie first man's gain, 
85000 : 18000 : : 573^5 : to the second man's gain,J 
85000 : 4S00U : : 572SS : to the third man's gain, 
which may be enunciated thus ; 

The whole sum advanced : to each man's particular sum : 
whole gun : to each man's particular gain. 
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By simplifyiiig the first ratio of Jtach o£ these proportions we 
have 

S 
85 : 25 : : 572Q5 : to the gain of the 1>^ or 8l68S0||v 

85 : 18 : ; 57£25 : to the gain of the ^^ or 2l2118||, 

85 : 42 : : 572^5 ; to the gain of the S^ or jS28275||. 

If all the sams advanced had be^i equals the operation would 
have been reduced to dividing the whole gain by the number of 
sums advanced ; we may reduce the question to this in the 
present case, by supposing the whole sum, 28500O9 divided into 
85 partial sums, or stocks of SlOOO each, the gain« of each of 
these sums will evidently be the 85^ part of the whole gain ;'and 
nothing remains to be done, except to multiply this part severally 
by 25, 18, and 42, considering the sums 25000» ISOOO, and 42000 
as the amounts of 25 shares, 18 shares, and 42 shares. 

In commercial language the money advanced is caHed the 
capital or stock, and the gain to be divided, the dirideatL 

The following question is very similar to that just resolved. 

125. It is required to divide an estate of 674150 dollars among 
S heirs, in such a manner, that the share of the second shall be 
I of that of the first, and the share of the tMrd i of tliat of the 
second. 

J It is plain that the share of the third, compared with that of the 
^ first, will be •{. of I of it, or -^j^ ; then the three parts required 
y^iil be to each other in the proportion of the numbers 1, <| and 
Reducing these to a common denominator, we find them 

fit 77' ^^^ /t' ^^^ ^^^^ ^^® three numbers 20, S, and 7, which 
^t'jore proportional to the first ; but as tlieir sum is S5, it is plain, 
^ %hat if we take three parts expressed by the fractions, 4t» tt* 
«nd •^\, they will be in the required proportion. The question 
^iU then be resolved by taking |^, then /y, and then /^ of 67250 
dollars, which will give the sums due to the heirs, according to 
the manner prescribed, namely ; 

g38428||, 215371-11, and 213450. 

126. Again, there are two fountains, the first of which will 
fill a certain reservoir in 2^ hours, and the second will fill the 
same reservoir in 3| hours ; how much time wlU be required to 
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All the veMnrouv by means of both fountains ranning; at the smne 
tinie 7 

We must first ascertain what part of the reservoir will be filled 
hj the first fountain in any given time) an hour for instance. It 
is evident tbatf if we take the content of the reservoir for unity^ 
we have only to divide 1 by 2|, or f , which gives us | for the 
part filled in one hour by the first fountain* In the same man- 
■er, dividing 1 by S|, or y , we obtain ^ for the part of the 
reservoir filled in an hour by the second fountain ; consequently^ 
the two fountains^ flowing together for an hour, will fill | added 
to y\', or 4^ of the reservoir. If we now divide 1, or the con- 
tent bf the reservoir, by 4^, we shall obtain the number of 
hours necessary for filUng it at this rate ; and shall find it to be 
•}f or an hour and a half. 

Authors who have written upon arithmetic, have multiplied and 
varied these questions in many ways, and have reduced to rules 
the processes which serve to resolve them ; but this multiplica- 
tion of precepts is, at least, useless, because a question of tlie 
kind we have been considering may always be solved with facil- 
ity by one who perceives what follows from the enunciation ; 
especially when he can avail himself of the aid of algebra ; we 
shall therefore proceed to another subject 

Besides the proportions composed of four numbers, one of the 
two first of which contains the other as many times as the cor- 
responding one of the two last contains the other ; it has been 
usual to consider as such the assemblage of four numbers^ such 
as Qf 7 9 9, 14, of which one of the two first exceeds the other as 
much as the corresponding one of the two last exceeds the other. 

These numbers, which may be called equidifferenU possess a 
remarkable property, analogous to that of proportion, for the sum 
of the extreme terms^ % and 14, is equal to the sum of the means^ 
7 and 9*. 



* The ancients kept the theory of proportions very distinct from 
the operations of arithmetic. Euclid gives this theory in the fifth 
book of his elements, and as he applies the proportions to lines, it is 
apparent, that we thence derive the name of gewndrical proportion ; 
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To show this property to be general^ we must observe^ thai the 
second term is equal to the first increased by the difference^ and 
that the fourth is equal to the third increased by the difference; 
hence it folio WS5 that the sum of the extremes, composed of the 
first and fourth terms, must be equal to the first increased by the 
third increased by the difference. Also, that the sum of the 
means, composed of the second and third terms, must be equal 
to the first increased by the difference increased by the third 
term ; these two sums, being composed of the same parts, must 
consequently be equal. 

We have gone on the supposition, that the second and foui*th 
terms were greater than the first and third; but the con- 
trary may be the case, as in the four numbers 8, 5, 15, 12 ; the 
second term will be equal to the first decreased by the difference,, 
and the fourth will be equal to the third decreased by the differ- 
ence. By changing the word increased into decreasedf in the 
preceding reasoning, it will be proved that, in the present 
case, the sum of the extremes is equal to that of the means. 

We shall not pursue this theory of equidifferent numbers fur- 
ther, because, at present, it can be of no use. 

^esthiisfor practice. 

A and B have gained by trading 2182. A put into stock 
2300 and B 2400 ; what is each person's share of the profit ? 

Ms. A 27^8 and B 2t04. 

and that the name of ariihmetical proportion was given to an assem- 
blage of equidifferent numbers, which were not treated of till a much 
Uter period. These names are very exceptionable ; the word propor* 
tion has a determinate meaning, which is not at all applicable to 
equidifferent numbers. Besides, the proportion called geometrical is 
not less arithmetical than that which exclusively possesses the latter 
name. M, Lagrange, in his Lectures at the Normal school, has pro- 
posed a more correct phraseology, and I have thought proper to 
fellow his example. 

EquidifferencCf or the assemblage of four equidifferent numbers, 
or arithmetical proportion, is written thus ; 2 . 7 : 9 . 14. 

Among English writers the following form is used ; 

2..7::9..14. 
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Divide glM fietween three persons* so tiiat their shares shall 
be to each other as 1, 2, and S, respectiyely. 

Ms. 8£0, 240, and g60* 

Three persons make a joint stock. A put in 8185,66* B 
298*50* and C 276*85 ; they trade and gain i^22 ; what is each 
person's share of the gain ? 

Am. A 2l04*l7„\Vr* » 860*57^«/rVT' and C 47*25 |f» jf. 

Three merchants* A* B* and C* freight a ship with 340 tuns of 

wine ; A loaded 110 tuns* B 97* and C the rest In a storm the 

seamen were obliged to throw 85 tuns overboard ; how much 

must each sustain of the loss 7 

Jina. A 27i* B £4^* and C 33^. 

A ship worth 2860 being entirely lost* of which | belonged to A^ 
\ to B, and the rest to C ; what loss will each sustain* supposing 

2500 of her to be insured ? 

Jins. A 245* B 290, and C 2££5. 

A bankrupt is indebted to A 2^77*33* to B 2305*17* to C 
2152* and to D 2i05. Rin estate is worth only 2677,50 ; how 
must it he divided ? Jim. A 2223,8 1||>|, B 2246,28^^/^* 

C 2l22,66{||o, and D 284,73||f|. 

A and B, venturing equal sums of money* clear by joint trade 
2154* By agreement A was to have 8 per cent, because he 
spent his time in the execution of the project* and B was to have 
only S per cent ; what was A allowed for his trouble 7 

dns. 235*5S|^. 

Three graziers hired a piece of land for 260*50. A put in 5 
sheep for 4^ months, B put in 8 for 5 months* and C put in 9 for 
6^ months ; how much must each pay of the rent 7 

Jns. A 211*25* B 220* an J C 229*25. 

Two merchants enter into partnership for 18 months ; A put 
into stock at first 2200* and at the end of 8 months he put in 
2100 more ; B put in at first 2550* and at the end of 4 months 
took out 2140. Now at the expiration of the time they find they 
have gained 2526 ; what is each man's just share 7 

Ms. A's 2192,95^1^^* B's 2333*04|i|*. 

A* with a capital of 21000* began trade January 1* 1776* and 
meeting with success in business he took in B a partner* with a 
capital of 21500 on the first of March following. Three monthi 



after fbfttf they admit C as a third partner, who brought into 
stock 82800, and after trading together till the fii-st of the next 
year, they find the gain, since A corarnenced business, to be 
81776,50. How must this I^e divided among the partners ? 

Ms. A's 8J457,4f)||| 

B's 5n.83|H 
C's 747,19||{. 



ALLIGATION. 

128. XVe shall not omit the rule of alligation, the object of 
which is to find the mean value of several things of the same 
Mnd, of dififerent values ; the following examples will suflSiciehtly 
illustrate it. 

A wine merchant bought several kinds of wine, namely; 

ISO bottles which cost him 10 cents each, 
75 at 15 

2dt at 12 

^ 27 at 20 

he afterwards mixed them together ; it is required to ascertain 
the cost of a bottle of the mixture. It will be easily perceived, 
that we have only to find the whole cost of the mixture and the 
number of bottles it contains, and then to divide the first sum 
by the second, to obtain the price required. 

Now, the 130 bottles at 10 cents cost 1300 cents 
*75 at 15 cost 1125, 

231 at 12 cost 2772, 

27 at 20 cost 540, 



theit 463 bottles cost 5737 cents. ^ 

5737 divided by 463 gives 12,39 cents, the price of a bottle of 
the mixture. 

The preceding rule is also n^d for finding a mean of differ- 
ent results, given by experiment or observation, which do not 
agree wiih each other. If, for instancb, it were required to 
know the distance between two points considerably removed 
from each other, and it had been measured; whatever care 
might have been used in doing this, there would always be a 

JtrUh. 15 
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little uncertainty in the result, on account of the errors iaeirita*^ 
bijr committed by the manner of placing the measures one after 
the other. 

We will su^ose that the operation has been repeated several 
times, in order to obtain the distance exactly, and that twice it 
has been found d7'94yd8. 2ft. that three other measurements have 
given 3r95yds. Ift. and a third S793yds. As these numbers are 
not alike, it is evident that some must be wrong, and)perhaps all* 
To obtain the means of diminishing the error, we reason thus ; 
if the true distance had been obtained by each measurement, the 
,sum of the results would be equal to six times that distance^ and 
it is plain that this would also be the case, if some of the result^ 
obtained were too little, and others too great, so that the increase^ 
produced by the addition of the excesses, should make up fo|r 
what the less measurements wanted of the true value. We 
should then, in this last case, obtain the true value by dividing 
the sum of the results by the number of them. 

This case is too peculiar to occur frequently, but it almost al« 
ways happens, that the errors on one side destroy a part of those 
on the other, and the remainder, being equally divided among 
the results, becomes smaller according as the number of results 
is greater. 

According to these considerations we shall proceed as follows i 

We take twice 3794 2 or 7589 1 
3 times 3795 1 or 11386 
once 3793 or S79S 



6 results, giving in all £2768 1. 

Dividing 22768yds. 1ft. by 6, we find the mean value of the 
required distance to be 3794yds. 2ft. 

129. Questions sometimes occur, which are to be solved by > 
method, the reverse of that above given* It may be required, 
for example, to find what quantity of two difierent ingredients it 
would take to make a mixture of a certain value* It is evident, 
that if the value of the mixture required exceeds that of one of 
the ingredients just as much as it falls short of that of the other, 
we should take equal quantities of each to make the compound. 
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S6 al805 if the vnhie of the mixtare exceeded that of one twice as 
much as it Ml short of that of the other^ the proportion of the 
ingredients would be as one half to one. To mix wine at S2 per 
gallon with wine at is, so that the compound shall be worth 
fl^fSQf we should take equal quantities^ or quantities in tha 
proportion of 1 to 1. If the mixture were required to be worth 
8£l966f , the quantities would be in the proportion of | to 1, or of 

fifit to TTT- 9 and generally, the nearer the mixture rate is to 

that of one of the ingredients, the greater must be the quantity of 
this ingredient with respect to the other, and the reverse ; hence, 
Tojmd the proportion of two ingredients of a given value, neceS'* 
sary to constitute a compound of a required value, make the differ-' 
enee between the vatue of each ingredient and that of the compound 

■ 

the denominator of a fraction, whose numerator is one, and these 
fractions Tvill express the proportion required; and being reduced 
to a common denominator, the numerators will express the same 
proportion, or show what quantity of each ingredient is to be 
taken to make the required compound* 

When the compound is limited tb a cei*tain quantity, the pro- 
portion of the ingredients, corresponding to it, may be found by 
saying ; as the whole quantity, found as above, is to the quantity 
required, so is each par^ as obtained by the rule^ to the required 
quantity of each. 

Let it be required, for example, to mix wine at 5s. per gallon 
and 8s. per gallon, in such quantities that there may be 60 gal- 
lons worth 6s» per gallon. The difference between bs. and 5s« 
is 1, and between 6s. and 8s. is 2, giving for the required quan- 
tities the ratio of •( to |, or £ to 1 ; thus, taking x equal to the 
quantity at 5s. and y equal to the quantity at 8s. we have these 
proportions ; 3 : 60 : : £ : a?, and 3 : 60 : : 1 : y, giving, for the 
answer, 40 gallons at 5s» and SO gallons at 8s. per gallon. 

Also, when one of the ingredients is limited, we may say ; as 
the quantity of the ingredient found as above, is to the required 
quantity of the same, so is the quantity of the other ingredient 
to the proportional pmrt required. 

For example, I would know how many gallons of water at 
OS. per gallon, I must mix with thirty gallons of wine at 6s. per 
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galloti) so that the compoand may be worth 5s« per gallon. Firsts 
the diflTerence between Os. and 5s. is 5 ; and the dlBerence be- 
tween 68. and 58. is 1 ; the quantity of water therefore will be to 
that of the wine^ as | to ^9 or as 1 to 5. Then, from this ratio^ 
we institute the proportion, 5 : 30 : : 1 lor, which gtTes 6, for the 
number of gallons required. 

As we have found the proportion of two ingredients necessary 
to form a compound of a required value, so also we may con- 
sider either of these in connexion with a third, with a fourth^ 
and so on, thus making a compound of any required value, con* 
listing of any number whatever of simple ingredients. The two 
ingredients used, however, must always be, one of a greater and 
the other of a less value, than that of the compound required. 

A grocer would mix teas at 12s. and lOs. with40lbs. at 4s. p^ 
pound, in such proportions that the composition shall be worth 8s« 
per lb. If he mix only two kinds, the one at 4s. and the other at 
lOs. their quantities will be in the ratio of l to ^^ or 1 : S ; and 
if he mix the tea at 4s. also with that at 12s. their ratio will be 
that of ^ to ^, or of 1 to 1. Adding together the proportions of 
the ingredient, which is taken with each of the others, we find 
the several quantities, at 4s. 10s. and 12s. to be as 2, 2, and U 
And taking x for the number of lbs. at 10s. and y for the quan- 
tity at 12s. we have the following proportions ; 

2 : 40 : : 2 : a; ; and 2 : 40 : : 1 : y ; 
giving, for the answer, 40lb. at 10s« and 20lb. at 128. per pound. 

The problems of the two last articles are generally distin- 
guished by the names of alligation nudial, and alligation otter- 
nate. A full explanation of the latter belongs prc^rly to algebnu 

Examples. 

A composition being made of 5lb« of tea at 7s. per pound, 9lb« 
at 8s. 6d. per pound, and 14|lb. at 5s. lOd. per pound ; what is 
a pound of it worth ? Jhis. 6s. ]0|d. 

How much gold, of 15, of IT, and of 22 caratsf fine, must be 
mixed with 5oz. of 18 carats fine, so that the composition may be 
20 carats fine ? •^ns. 5oz. of 15 carats fine, 5 of 17, and 25 of 22. 

t A carat is* a twenty fourtli part ; 22 carats fine means ^| of pure 
metal. A carat is also divided into four parts, called grains of a carat. 
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•^ Miscdlaneous Questions for practice^ 

Whit number^ added to the thirty-first part of 38135 will make 
tl»ViiM200? Jins. 77. 

.;^^ of a division is 325, the quotient 467 9 and the 

4ii^o(^'l$ 43 more than the sum of both ; what is the dividend I 
'/^^X'-'' ' ^ns. S90a70. 

■^i|y6\^rsons depart from the same place at the same time ^ 
iKe.^i)iie;iravels 30, the other 35 miles a day ; how far are they 
diki^ktat the end of 7 days, if they travel both the same road ; 
aiid |ii0W ifar> if they travel in contrary directions ? 

, '': ^ns. 35, and 455 miles. 

:^Aradesman increased his estate annually by lOOl. more than 
^v^|iari':jpf it, and at the end of 4 years found that his estate 
atnciu>ite(l:to 10342L 3s. 9d. What had he at first ? 

.>^- '■'■■: Ms. 4000i. 

'Ip^ivtOe 1£00 acres of landamoncc A, B, and C, so that B maj 
h^^i.^p^, more than A, and C 64 more than B. 

' :' Ms. A 312, B 412, and C 476. 

^$ide 1000 crowns; give A 120 more, and B 95 less, than C. 

r ■ > Ms. 445, B 230, C 325. 

V^hat sum of money will amount to 132/. I6s. 3d. in 15 months^ 
at 5 per cent, per annum, simple interest ? Ms. 125/. 

A father divided his fortune among his sons, giving A 4 as 
ofbn ad B 3, aifd C 5 as often a^ B 6 ; what was the whole 
legacy, supposing A's share 5000{. ? Ms. 118751. 

If 1000 men, besieged in a town with provisions for 5 weeks, 
e{Ei£h man being allowed 16oz. a day, were reinforced with 500 
mien more. On hearing, that they cannot be relieved till the end 
q£^8 weeks, how many ounces a day must each man have, that 
m^ provision may last that time ? .Am. 6|, 

ii^hat number is that, to which if f of f be added, the sum 
w^l be 1 ? Jins. f |. 

A father dying left his son a fortune, 1 of which he spent in 8 
months ; ^oi the remainder lasted him twelve months longer ; 
after which he had only 4102. left. What did his father bequeath 
him ? Ans. 9562. 13s. 4d. 
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A guardian paid his ward 35002. for 25001. which he had in 
his hands 8 years. What rate of interest did he allow him 2 

Jins. 5 per cent. 

A person^ heing asked the hour of the day^ said, the time past 
noon is equal to | of the time till midnight* W hat was the time 7 

Am. SOmin. past 5. 

A person, looking on his watch, was asked,, what was the time 
of the day ; he answered, it is between 4 and 5 ; but a more 
particular answer being required, he said, that the hour and 
minute hands were then exactly together. What was the time ? 

dns. 2l^j min. past 4. 

With 12 gallons of Canary, at 6s. 4d. a gallon, I mixed 18 
gallons of white wine, at 4s. lOd. a gallon, and 12 gallons of 
cider, at 6s. Id. a gallon. At what rate must I sell a quart of 
this composition, so as to clear 10 per cent 7 Jlns» Is. 3^i. 

What length roust be cut off a board, 8^ inches broad, to con« 
tain a square foot; or as much as 12 inches in length and 12 in 
breadth 7 dns. 17j^|in. 

What difference is there between the interest of S50{. at 4 per 
cent, for 8 years, and the discount of the same sum, at the same 
rate, and for the same time 7 dns. 272. 3^9m 

A father devised ^ of his estate to one of his sons, and ^ of 
the residue to another, and the surplus to his relict for life ; the 
children's legacies were found to be £b7L ds» 4d. different. What 
money did he leave for the widow 7 Ans» 635/. 10|^. 

What number is that, from which if you take f of |, and to the 
remainder add -^^ of ^V^ ^^^ ^u^i will be 10 7 dns. ^^tW?* 

A man dying left his wife in expectation that a child would 
be afterward added to the surviving family ; and, making his 
wiU, ordered, that if the child were a son, -I of his estate should 
belong to him, and the remainder to his mother ; but if it were 
a daughter, he appointed the mother 4, and the child the remain- 
der. But it happened, that the addition was both a son and a 
daughter, by which the mother bst in equity 2400Z. more than 
if it had been only a daughter. What Would have been her 
dowry, had she had only a son 7 Ans^ 2100/. 
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A young hare starts 40 rods before a grey-hoimdy and is not 
perceived by him till she has been up 40 seconds ; she scuds 
away at the rate of 10 miles an hour, and the dog, on view^ 
makes after her at the rate of 18* How long will the course 
continue^ and what will be the length of it from the place, where 
flie dog set out 2 dns. 60/^ seconds, and 535 yards run. 

A reservoir for water has two cocks to supply it ; by the first 
alone it may be filled in 40 minutes, by the second in 50 minute^s^ 
and it has a discharging cock, by which it may, when full, be 
emptied in 25 miputes. Now these three cocks being all left 
open, the influx and efflux of the water being always at the same 
rate, in what time would the cistern be filled ? 

Jns. S hours 20 minutes^ 

A sets out from London for Lincoln precisely at the time, 
when B at Lincoln sets out for London, distant 100 miles ; after T 
hours they met on the road, and it then appeared, that A had 
ridden 1| mile an hour more than B. At what rate an hour 
did each of them travel 7 Jins, A r||, B 6|-} miles. 

What part of 3 pence is a third part of 2 pence 7 Jln$. |. 

A has by him l|cwt. of tea, the prime cost of which was 96Z. 
steriing. Now interest being at 5 per cent, it is required to find 
how he must rate it per pound to B, so that by taking his nego- 
tiable note, payable at 3 months, he may clear 20 guineas by the 
bargain 7 dns. 14s. l||d. sterling. 

^ There is an island 73 miles in circumference, and 3 footmen 
all start together to travel the same way about it ; A goes 5 
miles a day, B 8, and C 10 ; when will they all come together 
again 7 Jins. 73 days. 

A man, being asked how many sheep he had in his drove, said> 
if he had as many more, half as many more, and 7 sheep and a 
half, he should have 20 ; how many had he 7 Jins. 5» 

A person left 40s. to 4 poor widows. A, B, C, and D ; to A 
he left ^9 to B ^9 to C ^^ and to D ^9 desiring the whole might 
be distributed accordingly ; what is the proper share of each 7 

M9. A's share 14s. ^d. B's 10s. 6^f d. C's 8s. 5^\i. D's 
78. ^d. 
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A general^ disposing of his army into a square, finds \Vb has 
£84 soldiers over and above ; but increasing each side with one 
soldier^ he wants 25 to fill up the square ; how many soldiers 
had he ? Ms. 24000. 

There is a prize of 212i!. 14s. 7d. to be divided among a cap' 
tain, 4 men, and a boy • the captain is to have a share and a 
half ; the men each a share, and the boy I of a share ; what 
ought each person to have? 

•ffis. The captain 54L I4s. ^i. each man 362. 9s. 4^i. and the 

boy 12{« Ss. If d. 

A cistern, containing 60 gallons of water, has 3 unequal cocks 
for discharging it ; the greatest cock will empty it in one hour, 
the second in 2 hours, and the third in 3 ; in what time will it be 
emptied^ if they all run together ? Ms. 32j'-j- minutes. 

In an orchard of fruit trees, | of them bear apples, ^ pears, \ 
plums, and 50 of them cherries : how many trees are there in 
all? Ans. 600. 

A can do a piece of work alone in 10 days, and B in IS ; if 
both be set about it together, in what time will it be finished 7 

Arts. 5J^ days. 

A, B, and C are to share 10e000{. in the proportion of |, ^f 
and |, respectively ; but C's part being lost by his death, it is 
required to divide the whole sum properly between the other two. 

Ans. A's part is 57 142 •«. and B's 42857^^^ 
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^cw French Weights and Measures. 

* 

The weights and measures in common use are liable to great 
uncertainty and inconvenience. There being no fixed standard at 
hand, by which their accuracy can be ascertained, a great variety 
of measures^ bearing the same name, has obtained in different 
countries. The foot, for instance, is used to stand for about a 
hundred different established lengths. The several denomina- 
tions of weights and measures are also arbitrary, and occasion 
most of the trouble and perplexity, that learners meet with in 
mercantUe arithmetic. 

To remedy these evils, the French government adopted a 
new system of weights and measures, the several denomina- 
tions of which proceed in a decimal ratio, and all referrible to a 
common permanent standard, established by nature, and acces- 
sible at all places on the earth. This standard is a meridian of 
the earth, which it was thought expedient to divide into 40 mil- 
lion parts. One of these parts is assumed as the unit of lengthy 
and the basis of the whole system. This they called a metre. 
It is equal to about S9| English inches, of which submultiples 
and multiples being taken, the various denominations of length 
are formed. 

Sng. Inch. Dec. 

A millimetre is the 1000th part of a metre ,03937 

A centimetre the 100th part of a metre ,39371 

A decimetre the 10th part of a metre 3,93710 

A METRE 39,37100 

A decametre 10 metres 393,71000 

A hecatometre 100 metres 3937,10000 

Achiliometre 1000 metres 39371,00000 

A myriometre 10000 metres 393710,00000 
A grade or degree of the meridian equal to 

100000 metres, or 100th part of the quadrapt 3937100,00000 

Jlrith. 16 
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The decametre is 


Mil. 




Fur; 




Yds. 

10 


Ft. 

2 


In.I>eJ 

9,r 


The hecatotnetre 








109 


1 


1 


The chiliometre 





4 


213 


1 


10,2 


The myriometre 


6 


1 


156 





6 


The grade or decimal degree 


of the 










meridian 


6& 


1 


SS 


£ 


8 



Measures tf Capacity. 

A cube, whose side is one tenth of a metre, that is, a cubic 
decimetre, constitutes the unit of measures of capacity. It is 
called the litrey and contains 61,028 cubic inches. 

Spg. Cab. In* Dec* 

A millilitre or 1000th part of a litre ^06i03 

A centil itre 1 00th of a litre ,6 1 028 

A decilitre 10th of a litre 6,10280 

A litret a cubic decimetre 61,02800 

A decalitre 10 litres 610,28000 

A hecatolitre 1000 litres 6102;80000 

A chiliolitre 10000 litres 61028,00000 

A myriolitre 100000 litres 610280,00000 

The Epglish pint, wine measure, contains S8,875 cubic inches* 
The litre therefore is 2 pints and nearly one eighth of a pint. 

Hence, 
A decalitre is equal to 2 gal. 64jYt cubic inches. 
A hecatolitre 26 gal. 4^^^ cubic inches* 

A chiliolitre 264 gal. ^j cubic inches. 

Weights. 

The unit of weight is the gramme. It is the weight of a quan- 
tity of pure water, equal to a cubic centimetre, and is equal to 
15,444 grains Troy. 

Gr; Dee. 

A milligramme is 1000th part of a gramme 0^0154 

A centigramme 100th of a gramme 0,1544 

A decigramme 10th of a gramme 1,5444 

A gramme^ a cubic centimetre 15,4440 

A decagramme 10 grammes 154,4402 

A hecatogramme 100 grammes 1544,4023 
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A cbitiogramme 1000 grammes 15444,0934 

A mypiogramme 10000 grammes 154440,2344 

A gramme being equal to 15^444 grains Troy. 
A decagramme 6dwt. 10>44gr. equal to 5,65 drams Avoirdupois. 

lb. oz, dr. 

A becatogramme equal to 3 8,5 avoird. 

A chilogramme 2 S 5 avoird. 

A myriogramme 22 1 15 avoird. 

loo miriogrammes make a tun, wanting 32lb. doz. 

Land Measure. 

The unit is the are, which is a square decametre, equal to 3,95 
perches. The deciarc is a tenth of an are, the centiare is 100th 
of an are, and equal to a square metre. The milliare is 1000th 
of an are. The decare is equal to 10 ares ; the becatare to 100 
ares, and equal to 2 acres 1 rood 35,4 perches English. The 
chilareis equal to 1000 ares, the myriare to 10000 ares. 

For fire-wood the stere is the unit of measure. It is equal to 
a cubic metre, containing 35,3171 cubic feet English. The de- 
cestere is the tenth of a stere. 

The quadrant of the circle generally is divided like* the fourth 
part of the meridian, into 100 degrees, each degree into 100 
minutes, and each minute into 100 seconds, &c. so that the same 
nuniber, which expresses a portion of the meridian, indicates 
also its lengthy which is a great convenience in navigation. 

The coin also is comprehended in this system, and made to 
conform to their unit of weight. The weight of the franc, of 
which one tenth is alloy, is fixed at 5 grammes ; its tenth part is 
called decime, its hundredth part centime. 

The divisions of time, soon after the adoption of the above, 
underwent a similar alteration. 

The year was made to consist of 12 months of 30 days each, 
and the excess of 5 days in common and 6 in leap years was con- 
sidered as belonging to no month. Each month was divided 
into three parts, called decades. The day was divided into 10 
hours, each hour into too minutes, and each minute into 100 
seconds* This new calendar was adopted in 1793 ; in 1805 it 
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was abolished^ and the old calendar restored. The weights and 
measures are still in use, and will probably prevail through* 
out the continent of Europe. They are recommended to the 
attention of every civilized country ; and their general adoption 
would prove of no small importance to the scientific^ as well as 
the commercial world. 
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2 

4 

H 
H 

10 



Scripture Long Measure. 

Eng. Feet. in. Dee. 

Digit 0,912 

Palm 3.648 

Span 10,944 

Cubit 1 9,888 

Fathom 7 3,552 

EzekiePs reed 10 11,328 

Arabian pole 14 7,104 

Scoenus, measuring line 145 1,104 



N. B. There was another span used in the East^ equal to ^th 
of a cubit. 

Grecian Long Measure reduced to English. 



4 

2'5' 

H 

n 



Dactylis, Digit 

Doron, Dochme> Palesta, 

Lichas 

Orthodoron 

Spithame 

Pous, foot 

Pygme, cubit 

Pygon 

Pecusy cubit larger 

Orgya, pace 

Stadium^ 4. , 

Aulas l>f«rf«nS 

Million, Mile 

N. B. Two sorts of long measures were used in Greece, viz. 
the Olympic and the Pythic. The former was used in Pelopon- 
nesus, Attica, Sicily, and the Greek cities in Italy. The latter 
was used in Thssaly, Illyria, Phocis, and Thrace. 



100 
8 



Eng.pMet. Feet. In. Dee. 








0,7554H 








3,021 8| 








7,5546| 








8,3101^»y 








9,06561 





1 


0,0875 





1 


1,5984| 





1 


3,109| 





1 


6,13125 





6 


0,525 


100 


4 


4,5 


805 


5 






t These numbers show how many of eacb denomination it takes to 
make one of the next following. 
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The Olympic foot, property called the Greek foot, according to 
Dr. Hutton, contains 129IO8 English inches, 

Folkes, 12,072 

Cavallo, 12,084 

The Fythic foot, called also natnral foot, according to* 

Button, contains 9,768 

Faucton, 9,731 

Hence it appears, that the Olympic stadium is 201| English 
yards nearly ; and the Pythic or Delphic stadium, 162| yards 
nearly ; and the other measures in proportion. 

The Phyleterian foot is the Pythic cubit, or 1| Pythic foot. 
The Macedonian foot was 13,92 English inches; and Sicilian 
foot of Archimedes, 8,76 English inches. 



400 
5 
2 
S 
8 



Jewish Long or Itinerary Measure. 



Cubit 

Stadium 

Sabbath day's journey 

Eastern mile 

Parasang 

A day's journey 



Bug. MUei. 






1 

4 
33 



Fftoes. Feet. Dee. 

1,824 



145 
729 
403 
153 
172 



4,6 
3,0 
1,0 
3,0 
4,0 



Bjoman Long Measures reduced to English. 



H 


Digitus traversus 


3 


Uncia, or Inch 


4 


Palma minor 


H 


Pes, or Foot 


H 


Palmipes 


^ 


Cubitus 




2 


Gradus 


,5 


Passus 


8 


Stadium 




Milliare 



£Dg. Faces. 
















120 

967 



Feet. In. Dee. 

0,725f 
0,967 
2,901 
11,604 



1 
1 

2 
4 
4 




2,505 
5,406 
5,501 
10,02 
4,5 




N. B. The Roman measures began with 6 scrupula = 1 sicili- 
cum ; 8 scrupula = 1 duellum ; 1| duellum = 1 seminaria ; and 
18 scrupula = 1 digitus. Two passus were equal to 1 decempeda. 
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•A/& 2>ry Measures reduced to English. 



Pecks. Gftik Pintf. ' SoLIn* 



Cochliarion 











0,276,7 


Cyathus 











2,7631 


Oxybaphon 











4,144| 


Cotylus 











16,579 


Xestes, sextary 











33,158 


Cho&nix 








1 


15,705^ 


Medimnus 


4 





6 


3,501 



JUtic Measures of Capacity for Liquids, reduced to English Wine 

Measure. 



2 

H 

2 
2 

4 

2 

6 

12 



Cochliarion 

Cheme 

Myston 

Concha 

Cyathus 

Oxybathon 

Cotylus 

Xestes, sextary 

Chous, congius 



G«l, Pinti. Sol. In. Dec 
ylir 0,0356^ 












10 



1 

TIT 

1 
TT 

1 
TT 

1 
Tlf 

1 

T 

1 

•s 

1 

6 
2 



0,07 Uf 

0,089^1 

0,K8|i 

0,356|| 

0,535| 

2,141J 

4,283 

25,698 

19,626 



Mctretes, amphora 

Others reckon 6 choi = 1 amphoreus, and 2 amphorei = 1 
keramion or metretes. The keramion is stated by Paucton to 
have been equal to 35 French pints, or 8f English gallons, and 
the other measures in proportion. 

Measures oj Capacity for Liquids, reduced to English . fFine 

Measure. 



4 

H 

2 


Ligula 

Cyathus 

Acetabulum 


2 
2 


Quartarius 
Hemina 


6 


Sextarius 


4 
2 


Congius 
Urna 


20 


Amphora 
Culeus 



OaL 


Pints. Sol. In. nee. 





1 
77 


0,1 17^-% 





I 
IT 


0,469| 





1 


0,704| 





1 

4 


1,409 





i 


2,818 





1 


5,636 





7 


4,942 


S 


4| 


5,33 


7 


1 


10,66 


143 


3 


11,095 
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20 



1^ 

H 

3 
5 
2 



Jewish dry Measures reduced to English. 





nokhGtA. 


Piati. SoL Xndu 


Gacfaal 





01^ J 0,031 


Cab 





2J o,or3 


Gommr 





s^V h^n 


Seah 


1 


1 4,03a 


Epba 


S 


3 i2,ior 


Lcttoeh 


16 


26,500 


Chomer> coron 


32 


1 18,969 



Jewish Measures of Capacity for Liquids, reduced to English Wine 

Measure. 



H 


Gaph 


Gal. Pints, SoL ladu' 
1 0,177 


4 


Log 


» 0,211 


3 


Cab 


3| 0,844 


2 


Hin 


1 2 2,533 


3 


Seah 


2 4 5,06r 


10 


Bath, epha 


r 4 15,2 




Corou, chomer 


75 5 7,625 


Jincient Roman Land Measure. 


100 Square Roman feet 


= 1 Scrupulum of land 


4 Scrupula 


= 1 Sextulus 


1^ Sextulus 


= 1 Actus 


6 Sextuli or 5 Actus 


= 1 Uncia of land ' 


6 Unci» 


= 1 Square Actus 


2 Square Actus 


= 1 Jugerum 


2 Jugera 


= 1 Ueredium 


10 


Heredia 


= 1 Centuria 



N. B. If we take the Roman foot at 11,6 English inches, the 
Roman jugerum was 5980 English square yards, or 1 acre S7{^ 
perches. 

Uoman Dry Measures reduced to English. 



H 

4 
2 
8 

2 





Peek. GtL Pint. Sol. In. De« 


Ligula 


0^\ 0,01 


Cyatbus 


^ 0^\ o,of 


Acetabulum 


0* 0,06 


Uemina or Trutta 


0| 0,24 


Sextarius 


1 0,48 


Semi d. 


10 3,84 


Medius 


10 7,68 
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